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Abstract
First Principles Design of Non-Centrosymmetric Metal Oxides
Joshua Aaron Young
Advisor: James M. Rondinelli, Ph.D.
The lack of an inversion center in a material’s crystal structure can result in many
useful material properties, such as ferroelectricity, piezoelectricity and non-linear op-
tical behavior. Recently, the desire for low power, high efficiency electronic devices
has spurred increased interest in these phenomena, especially ferroelectricity, as well
as their coupling to other material properties. By studying and understanding the
fundamental structure-property relationships present in non-centrosymmetric materi-
als, it is possible to purposefully engineer new compounds with the desired “acentric”
qualities through crystal engineering. The families of ABO3 perovskite and ABO2.5
perovskite-derived brownmillerite oxides are ideal for such studies due to their wide
range of possible chemistries, as well as ground states that are highly tunable owing
to strong electron-lattice coupling. Furthermore, control over the B-O-B bond angles
through epitaxial strain or chemical substitution allows for the rapid development of
new emergent properties. In this dissertation, I formulate the crystal-chemistry cri-
teria necessary to design functional non-centrosymmetric oxides using first-principles
density functional theory calculations. Recently, chemically ordered (AA′)B2O6 ox-
ides have been shown to display a new form of rotation-induced ferroelectric polar-
izations. I now extend this property-design methodology to alternative compositions
and crystal classes and show it is possible to induce a host of new phenomena. This
dissertation will address: 1) the formulation of predictive models allowing for a priori
design of polar oxides, 2) the optimization of properties exhibited by these materials
through chemical substitution and cation ordering, and 3) the use of strain to control
xx
the stability of new phases. Completion of this work has led to a deeper understand-
ing of how atomic structural features determine the physical properties of oxides, as
well as the successful elucidation of new design principles to help guide experimental
synthesis of novel materials.

11. INTRODUCTION
1.1 Motivation
The technological requirements for electronic devices are constantly rising as the
need to solve grand scientific challenges and satiate consumer demand for new prod-
ucts both continue to grow; the design of new materials with superior properties is
key to generating solutions for these problems and has become increasingly impor-
tant over the past few decades. Although standard engineering techniques rely on the
often slow and laborious individual identification of materials, it is possible to acceler-
ate these discoveries by understanding and then purposefully engineering the atomic
scale structural features and mechanisms leading to the desired properties. For ex-
ample, piezoelectricity, ferroelectricity, and non-linear optical behavior can only arise
in materials with a non-centrosymmetric crystal structure (i.e., those lacking an in-
version center).1 Furthermore, they are used in a wide array of applications, such as
memory, tunnel junctions, capacitors, sensors, actuators, and solid state lasers.2–18 If
methods can be developed to deterministically lift inversion through structural mod-
ifications,19–22 these electronic properties can be induced independently of knowledge
about a material’s chemistry, allowing for rapid integration into novel types of elec-
tronic devices. Computational first-principles methods are some of the most viable
techniques for the identification of new materials in this manner, as their speed and
accuracy allows for the probing and disentangling of underlying physical mechanisms
in complex systems on the atomic and molecular level.
One promising area of condensed matter research relating to materials discovery
is interfacial phenomena. In materials where two or more chemically distinct com-
pounds are interweaved on an atomic level, novel effects can arise from interactions
2that may only manifest at their interface.23,24 This includes interesting physics such
as orbital reconstruction and exotic magnetic orderings,25,26 in addition to potentially
functionalizable properties such as two dimensional electron gases, superconductiv-
ity, and ferroelectricity.27–30 Complex oxides (oxygen-containing compounds that also
contain at least two non-oxygen elements) are especially fruitful families for studies
of this nature, as their vast assortment of structure types and chemical composi-
tions can support a wide variety of interactions between spin, orbital, magnetic, and
lattice degrees of freedom, giving rise to a rich and diverse set of physics and prop-
erties.31 While theoretical work (such as that based on density functional theory)
has previously predicted the appearance of these so-called emergent phenomena in
ultrashort period oxide superlattices, fundamental advances in layer-controlled syn-
thesis techniques such as molecular beam epitaxy (MBE) or pulsed laser deposition
(PLD) are beginning to allow detailed experimental investigation and verification.32–35
Computation-based materials design is now poised to help further guide these syn-
thesis endeavors and facilitate new discoveries. Finally, first principles calculations
are not only an ideal method for modeling complex interactions, but also investigat-
ing their response to chemical substitution and external parameters such as lattice
strain.36,37
These ideas lead to the overarching goal of my thesis, which is to utilize ab initio
calculations to elucidate design strategies for lifting inversion symmetry, predict new
materials for experimental synthesis, and enhance the resulting functional electronic
properties (such as ferroelectricity) using external stimuli. The culmination of this
work has the potential to spawn numerous ferroic discoveries from mechanisms based
on functionalities that emerge in layered oxide structures that are otherwise not pos-
sible in simpler structures and chemistries. Combining these theoretical predictions
with experimental procedures can help guide the materials development process in
3useful directions and greatly accelerate the discovery of new, highly functional ad-
vanced materials.
1.2 Organization
This thesis is divided into eight chapters with each one focusing on a given topic
as described below. Chapters 2, 3, and 4 constitute reviews of the literature; chapters
5, 6, and 7 describe new research; chapter 8 provides a summary and outlook.
Chapter 2 – First Principles Electronic Structure Methods: In this chap-
ter, I discuss the theoretical underpinnings of the electronic structure methods used
in this thesis. Beginning with the Schro¨dinger equation and the Born-Oppenheimer
approximation, I introduce the various approximations used in modern implementa-
tions of density functional theory (DFT) that make computational investigations of
real materials feasible, including density functionals, Bloch’s theorem, and pseudopo-
tentials. I end with a discussion of computing band gaps and lattice dynamics within
the DFT framework.
Chapter 3 – Structure and Chemistry of Perovskite and Perovskite-
Related Compounds: Here, I focus on the crystal-chemistry of the ABX3 per-
ovskite and the ABX2.5 brownmillerite families. The underlying anion sublattice in
these materials can undergo many different types of cooperative distortions, which
manifest as “rotations” of the extended three dimensional corner connected BX6 oc-
tahedral network. I first consider how these ubiquitous structural distortions modify
the presence of various symmetry operations in the perovskite crystal structure, and
then introduce the idea of chemically ordering the A- and B-site cations and discuss
the factors necessary for stabilizing various ordering schemes. Finally, I show how or-
dered anion vacancies in the perovskite-derived brownmillerites control the symmetry
of these compounds and add new degrees of structural complexity.
4Chapter 4 – Physics of Acentric Properties: The focus of this chapter is the
underlying physics of ferroelectricity and piezoelectricity. I first describe the modern
theory of polarization, which revolutionized scientists’ understanding of spontaneous
polarization as a bulk property by defining it in terms of geometric Berry phases.
This is followed by a discussion of ferroelectric phase transitions, which includes
soft mode theory and Landau-Ginzberg-Devonshire theory. I then review the sec-
ond order Jahn-Teller effect, which is the primary chemical mechanism driving many
ferroelectric distortions. Finally, I end with an overview of improper and hybrid im-
proper ferroelectrics, or those in which the appearance of a spontaneous polarization
is driven by non-polar lattice distortions with polar displacements arising as a side
effect.
Chapter 5 – Predictive Models for Inversion Symmetry Lifting: In this
chapter, I put forth two new models to facilitate the identification of new types of
ferroelectric materials. In both cases I begin by considering symmetry principles and
lattice distortions independently of chemical makeup and only introduce the effect of
composition after developing an understanding of these microscopic mechanisms.
The first model divides geometric improper ferroelectrics into different categories
based on the number and type of cooperative atomic displacement patterns (i.e., lat-
tice modes) driving the polar phase transition. I then provide a review of the improper
ferroelectric literature and demonstrate how previous experimentally synthesized or
theoretically predicted compounds fit into this newly proposed scheme.
The second model is grounded in crystal engineering principles and describes how
the shape, chemical composition, and arrangement of basic building units in a one,
two, and three dimensional lattice can either preserve or destroy inversion centers. I
then show how these guidelines can be applied to a real family of materials by sys-
tematically determining what combinations of 15 octahedral rotation patterns and 10
5cation ordering schemes provide the previously identified structural features neces-
sary to produce non-centrosymmetric compounds in ABX3 perovskites. Finally, I use
simple descriptors such as the tolerance factor and global instability index to identify
the chemical species most likely to result in the desired structural distortions.
Chapter 6 – Design and Investigation of New Ferroelectric Materials:
Here I use the inversion-lifting structural criteria identified in the previous chapter to
design and investigate new ferroelectric and piezoelectric perovskite oxides with DFT.
I begin by examining the effect of different cation ordering schemes on the inversion
symmetry breaking and ferroelectric properties in a series of three chemically distinct
orthorhombic (AA′)B2O6 superlattices. Next, I look at the result of chemically or-
dering the A-sites in a different crystal structure by investigating three rhombohedral
aluminate heterostructures; while this slightly diminishes the ferroelectric properties,
I identify a new phase with a large piezoelectric response that persists up to high tem-
perature. Finally, I show how chemical substitution on the A-sites in (AA′)(BB′)O6
compounds can greatly enhance the magnitude of the ferroelectric polarization, as
well as allow for the incorporation of magnetically active cations on the B-sites.
Chapter 7 – Effect of Epitaxial Strain on the Crystal Structure and Elec-
tronic Properties of Acentric Compounds: Because the flexible cation-anion
network in complex oxide materials allows for significant control over their proper-
ties via external stimuli, in this chapter I investigate the effect of epitaxial strain on
the crystal structure and properties of brownmillerites. I show how epitaxial strain
can control the crystal structure and orientation of anion vacancies in brownmillerite
oxides, as well as demonstrate how the band gap can be effectively tuned.
Chapter 8 – Conclusions and Outlook: I end this dissertation with a summary
of the investigations performed and discuss new opportunities enabled by my work
for this burgeoning field.
62. FIRST PRINCIPLES ELECTRONIC STRUCTURE METHODS
The fundamental goal of ab initio techniques is to describe and predict the proper-
ties of materials without the use of empirical parameters (or, more realistically, using
as few as possible). This chapter presents a brief and historically contextualized re-
view of the foundations of the electronic structure calculation methods used in this
thesis. In particular, I discuss several of the approximations utilized to make first
principles calculations tractable for real complex systems. Finally, I present a qual-
itative review of these methods and implement mathematical equations when they
serve an illustrative purpose; a more complete review of the formalism of density
functional theory and related subjects can be found in the following textbooks and
review articles: Refs. 38, 39, 40.
2.1 The Schro¨dinger Equation
From the Schro¨dinger equation,41 given in its simplest form as
HΨ = EΨ, (2.1)
the ground state energy E of a system can found by operating on its many-particle
wavefunction Ψ with the appropriate Hamiltonian H. Theoretically, any property
of the system can then be determined from this result by taking the corresponding
expectation values; in practice, however, solving this equation exactly is impossible
for all but the simplest systems. Despite this, several approximations can be used to
estimate the solutions to this problem, allowing for the modeling of more complex
and interesting systems such as crystalline solids. First, the Hamiltonian describing
a system of interacting electrons (e) and nuclei (n) can be decomposed into a series
7of kinetic (T ) and potential (V ) energy terms:
H = Te + Tn + Vnn + Ven + Vee, (2.2)
where the kinetic energy terms are given as:
Te = − ~
2
2me
∑
i=1
∇2i , Tn = −
~2
2mA
∑
A=1
∇2i , (2.3)
and the potential energy terms (describing electrostatic or Coulombic interactions
between nuclei, between nuclei and electrons, and between electrons, respectively)
are:
Vnn =
e2
2
∑
A 6=B
ZAZB
rAB
, Ven = −e2
∑
i,A=1
ZA
riA
, Vee =
e2
2
∑
i 6=j
1
rij
. (2.4)
Here, Z is the charge on an ion, m is its mass, and r is the separation between two
particles; A and B denote nuclei, while i and j denote electrons.
Because the nuclei are much heavier than the electrons, the electrons can be
thought of as moving in an external field while the nuclei remain fixed; the nuclear
kinetic energy (Tn) is therefore approximately zero and the nuclear potential energy
(Vnn) reduces to a simple classical interaction. This simplification is known as the
“Born-Oppenheimer” or “adiabatic” approximation.42 The remaining terms make up
the so-called electronic Hamiltonian (Helec), which consists of the kinetic energy of the
electrons (Te) and their interactions with the nuclei (Ven) and with each other (Vee).
Yet, while this represents a significant reduction in complexity, these simplifications
are still not sufficient to allow for useful calculations of complex systems. First, three
spatial coordinates for each of the approximately 1023 electrons in a real system must
be specified; furthermore, the fact that each of these electrons interact with each
other make determination of the electronic correlation term (i.e., Vee) completely
8intractable. It is from this impasse that we now turn our attention to the formulation
of density functional theory.
2.2 Density Functional Theory
Following the early attempts of Thomas and Fermi, the first breakthrough leading
to density functional theory came from two theories proposed by Pierre Hohenberg
and Walter Kohn in a 1964 paper.43 First, they proposed that the external potential
V (r) affecting the electrons, and thus the total energy, is a unique functional of the
electron density n(r); this further implies that all of a system’s properties can be
determined from the electron density, which is a function of only the three spatial
dimensions. This is easily demonstrated by showing that because application of the
variational principle to two different external potentials with the same electron density
gives a non-sensible result (reductio ad absurdum), the electron density must uniquely
define the ground state energy E[n(r)] (to within a constant term). Their second
theorem defined a “universal” (in that it holds for any system of electrons and is
valid for any choice of external potential) but unknown functional F [n(r)] which
contains all electronic kinetic and potential energy terms. The total energy E[n(r)]
for a unique V (r) can now be written as:
E[n(r)] =
∫
V (r)n(r)dr + F [n(r)]. (2.5)
Importantly, they then showed (again from the variational principle) that the exact
ground state is that which minimizes Equation 2.5 and thus the ground state total
energy. Although these two theorems represent extremely powerful insights and allow
for practical and accurate calculations, they say nothing about how to determine
F [n(r)].
9In 1965, Walter Kohn and Lu Sham published a seminal work (for which Kohn was
awarded the 1998 Nobel Prize in Chemistry) showing that it is possible to re-write
the interacting many-electron problem onto a system of non-interacting electrons that
results in the exact same ground state density.44 The various contributions to the
total energy can be separated, and Equation 2.5 can be re-formulated as:
E[n(r)] =
∫
V (r)n(r)dr + T [n(r)] + EH [n(r)] + EXC [n(r)], (2.6)
where T [n(r)] is the non-interacting kinetic energy of the electrons. To account for
the interactions, two terms are added. First, EH [n(r)] (called the Hartree energy)
describes the interaction of the charge density with itself, and is given by the equation:
EH [n(r)] =
e2
2
∫ ∫
n(r)n(r′)
|r − r′| drdr
′. (2.7)
Second, the rest of the electron-electron interactions are described by the exchange-
correlation energy, EXC [n(r)].
Now that we have an explicit form for the total energy E[n(r)] (given that we
now know the universal functional F [n(r)]), we can obtain a potential that acts on
the non-interacting system of electrons. This is called the Kohn-Sham potential, and
is given by VKS(r). Because the same electron density n(r) must minimize the total
energy of both the interacting and non-interacting system, VKS(r) can be obtained
via the partial derivatives of the Hartree and exchange-correlation energy:
VKS(r) = V (r) +
∂EH [n(r)]
∂n(r)
+
∂EXC [n(r)]
∂n(r)
. (2.8)
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Using this, an associated Kohn-Sham Hamiltonian (HKS) can now be defined as:
HKS = −~
252
2m
+ VKS(r). (2.9)
Qualitatively, this Hamiltonian characterizes a system of non-interacting electrons
that are affected by the external potential VKS(r) which, as shown previously, con-
tains all of the information about the electron-electron interactions. The Schro¨dinger
equation (Equation 2.1) for such a system is therefore given by:
[−~
252
2m
+ VKS(r)]Ψi(r) = EiΨi(r), (2.10)
where Ψi(r) are single particle wave functions whose square modulus, when combined
with the Fermi-Dirac distribution fi, gives the interacting charge density via
n(r) =
N∑
i
fi|Ψi(r)|2. (2.11)
Starting from a trial electron density and single particle wavefunction, the Kohn-
Sham equations (Equations 2.8, 2.10, and 2.11) can be solved iteratively until self-
consistency is achieved; from this, the ground state electron density and total energy
are obtained.
2.3 The Exchange-Correlation Energy
The formulation of density functional theory laid out by Hohenburg, Kohn, and
Sham has allowed for the mapping of a system of interacting electrons to that of a
non-interacting one, putting us well on the way towards tractable quantum mechan-
ical calculations of real materials. However, nothing has been said of the exchange-
correlation energy EXC [n(r)], for which no analytical solution is provided; this poses
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a problem due to the fact that it contains the many-particle interactions, including
(as the name suggests) the exchange interaction (related to the fact that wavefunc-
tions of fermions are anti-symmetric and giving rise to the Pauli exclusion principle)
and the electron correlation (the interaction among electrons). So while density func-
tional theory up to this point is an exact theory, we now must introduce assumptions
about the form of the exchange-correlation functional and approximate its solution.
A wide variety of such density functionals exist, ranging from those using very simple
approximations to those which add in additionally complex contributions; climbing
this so-called “Jacob’s ladder of density functional approximations” generally allows
for more accurate results but for greater computational expense.45,46 In this section,
I review several of these functionals, especially those used to produce the results
presented in this thesis.
One of the first proposals to this end was to assume that the electron density
in real system locally behaves as a homogenous electron gas (or HEG, the simplest
possible model of interacting electrons), the exchange and correlation terms of which
are known exactly from Hartree-Fock theory and quantum Monte Carlo methods,
respectively.47,48 From here, the “true” exchange-correlation energy EXC [n(r)] can
be replaced with that of the HEG and be recast as:
ELDAXC [n(r)] =
∫
n(r)EHEGXC [n(r)]dr. (2.12)
This is known as the Local Density Approximation (or LDA),49 and is still one of
the most used approximate functionals.50 Perhaps surprisingly, this simple approxi-
mation works rather well for predicting the properties of a wide range of materials.38
However, by overestimating the binding energy between atoms in a solid, LDA un-
derestimates bond lengths and thus structural parameters such as lattice parameters
and cell volume.51
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The next rung up “Jacob’s ladder” are semi-local functionals, such as the Gen-
eralized Gradient Approximation (or GGA).52 As the name suggests, these function-
als incorporate information about the gradient of the charge density, 5n(r); the
exchange-correlation energy now takes the form:
EGGAXC [n(r)] =
∫
n(r)EXC [n(r),5n(r)]dr. (2.13)
Unlike LDA, there are numerous varieties of GGA functionals, one of the most com-
mon being that developed by Perdew, Burke, and Ernzerhof (PBE);53 the PBE func-
tional as revised for solids (called PBEsol) is the primary one used for this thesis.54
While GGA functionals are more computationally expensive than LDA because they
include the electron density gradient, the increase is basically negligible in return for
the increased accuracy provided.
The final type of functionals that will be discussed are hybrids, which represent
another step up the ladder in terms of complexity. Furthermore, while LDA and GGA
functionals are non-empirical, hybrids are not; the fundamental idea is to combine
some percentage of completely non-local exact exchange (as derived from Hartree-
Fock theory) with the previously discussed ab initio approximations.55,56 Although
there are, again, many different implementations of hybrid functionals, I will only
discuss those proposed by Heyd, Scuseria, and Ernzerhof in 2006 (called HSE, with
two implementations known as HSE03 and HSE06).57 This is a so-called “range
separated” functional, due to the fact that it divides the electron exchange into short
range (SR) and long range (LR) contributions. The short range exchange interactions
are then described by a combination of exact exchange and that described by the PBE
functional; the long range exchange and correlation contributions to EXC also come
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from PBE. This can be represented in the following manner:
EHSEXC [n(r)] = αE
exact
X,SR[n(r)]+(1−α)EPBEX,SR[n(r)]+EPBEX,LR[n(r)]+EPBEC [n(r)]. (2.14)
As mentioned previously, this functional is empirical due to the α term, which can be
tuned based upon the needs of the system under study. Although hybrid functionals
can drastically improve the description of parameters such as the band gap, it must
be applied carefully; not only is it much more computationally expensive than LDA
or GGA, the selection of α can have a dramatic effect on the electronic properties,
leading to either large over- or underestimation.58
2.4 Bloch’s Theorem and the Irreducible Brillouin Zone
We have now reduced the complex and unsolvable system of interacting electrons
to that of non-interacting electrons in an effective potential. Although this theory
provides incredible insight, a real material will have somewhere on the order of 1023
electrons, still far too many to handle in reasonable calculations; further simplifica-
tions are once again needed to produce computationally tractable systems. To solve
this problem, we now take advantage of the lattice periodicity of crystals to reduce
the number of atoms, and therefore electrons, under consideration.
Application of Bloch’s theorem59 is our first step towards the further reduction
of complexity. This states that in any periodic system (i.e., atoms in a crystal), the
single particle wavefunction Ψ can be written as:
Ψ(r) = eik·ru(r). (2.15)
Here, k is the wave vector of the crystal, while eik·r is a plane wave; u(r) is a periodic
function that, importantly, matches the period of the crystal lattice. Expanding u(r)
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as a three dimensional Fourier series summed over the reciprocal lattice vector G
results in:
u(r) =
∑
G
CeiG·r, (2.16)
which, when combined with Equation 2.15, gives:
Ψ(r) =
∑
G
Cei(k+G)·r. (2.17)
The Kohn-Sham equations and the wavefunction can now be easily solved using this
plane wave expansion. One last caveat, however, is that we must truncate the sum
at some G-vector or energy (such that ~
2m
|k + G|2 ≤ Ecutoff ) in order to not have
an infinite expansion. This cutoff energy is a tunable input parameter that must
be selected carefully so as to ensure converge of the calculations with respect to the
properties of interest.
Given this plane wave representation of the Kohn-Sham equations derived from
Bloch’s theorem, the energy and charge density can now be determined from integrals
over the Brillouin zone (BZ) rather than an infinite integral over all of real space.
Furthermore, the BZ size can be further decreased by applying all of the symmetry
elements of the point group of the crystal under consideration; this area is known as
the irreducible Brillouin zone (IBZ). Despite the fact that the integrals now have to
be evaluated only in a certain area of space, the integration still technically must be
performed over an infinite number of k-points in the IBZ. However, by evaluating the
functions at specifically determined points and interpolating the rest, the integrals
can once again be reduced from an infinite one to a sum only over a few specially
weighted k-points. While a number of methods for selection of these points have
been proposed, in this thesis I exclusively use that put forth by Monkhorst and Pack
in 1976, which sets up an evenly space grid throughout the BZ.60 Like the cutoff
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energy described above, the number of k-points along each reciprocal space direction
is typically a manually chosen input parameter that can differ based on the accuracy
required for the specific system under study; again, judicious selection must be made
so as to again ensure convergence.
2.5 Pseudopotentials
Yet another way to reduce the complexity of a system is to decrease the number
of electrons per atom under consideration. Because the electrons near the core of an
atom (i.e., the “core” electrons) are highly localized and their wavefunctions oscillate
rapidly owing to the strong potential of the nucleus and orthogonality constraints,
an accurate representation requires an immense number of plane waves in the basis
set. While some so-called “all-electron” codes attempt to consider these due to the
fact that the core is not always independent of its surroundings,61 these electrons
are not especially useful to study in terms of material properties and mainly serve
only to slow down calculations (I note, however, that some processes do require core
electrons). Instead, the core is “frozen” and replaced with an effective potential,
greatly reducing the amount of plane waves required and allowing the chemically
active valence electrons, which determine most of a compound’s properties, to have
much smoother wavefunctions (further decreasing the number of plane waves needed)
and to be considered explicitly. Here I will discuss two types of approaches used
to construct pseudopotentials for DFT calculations: norm-conserving and projector
augmented wave (or PAW) methods. For the full details of these two methods (of
which this summary is based), see Refs. 62 and 63, respectively. While I only use
the PAW method in this thesis, the norm-conversing method serves as a simple but
valuable illustration of the ideas behind pseudopotential generation.
To generate norm-conserving pseudopotentials, we first start from the all-electron
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wavefunction of an atom. As mentioned previously, the highly fluctuating wavefunc-
tions near the ion core are replaced up to a chosen cutoff radius rc by a function
that varies much more smoothly, and, importantly, is nodeless; beyond this radius,
the function is required to exactly match the all-electron wavefunction. Consider the
2s and 2p state of oxygen as an example. Here, the all-electron wavefunction of the
2s orbital is localized close to the core and exhibits one node; the pseudopotential
removes this node and smoothes out the wavefunction below rc ∼ 0.7 Bohr, while
matching it exactly above rc. On the other hand, the 2p all-electron wavefunction
and pseudopotential are nearly equivalent. Finally, it should be noted that often
“semi-core” states, such as the 4s states in 3d transition metals or fully filled d-shells
in rare earth elements, must also be treated explicitly due to the fact that they are
often not well separated from the true valence states.
As alluded to previously, loss of the information about the core states in norm-
conserving pseudopotentials can have an effect on the calculation of certain properties.
The projector augmented wave method provides a means to reduce computational
complexity while still retaining the details of the all-electron approach; it has often
been said that the PAW method is “pseudopotentials done right.” While this may be
a slight hyperbole, the PAW approach allows for smooth and nodeless wavefunctions,
low numbers of plane waves, and access to the full all-electron wavefunction and
density. In general, the area closest to the core is represented as an “augmentation
sphere,” while the region outside is represented by well-defined, smooth “envelope”
functions; these are then matched at the boundary of the sphere. Inside the sphere,
it is possible to map the all-electron wavefunctions to a “pseudo-” or “atomic-like”
wavefunction, Here, I summarize the derivation of this mapping which was presented
by Blo¨chl in 1994;63 I use the compact Dirac notation to express his results.
We first define the all-electron and pseudo-wavefunctions as |Ψ〉 and |Ψ˜〉, respec-
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tively; it is important to note that |Ψ〉 is the Kohn-Sham single particle wavefunction,
as opposed to the many-body. As stated previously, we seek to map |Ψ〉 onto |Ψ˜〉;
this is accomplished via some transformation operator T as so:
|Ψ〉 = T |Ψ˜〉. (2.18)
In order to smooth out the wavefunction only near the nucleus, the T is rewritten
as the sum of atomically centered transformation operators (T a) that act only inside
non-overlapping augmentation spheres, each of radius rac :
T = 1 +
∑
a
T a (2.19)
Inside the sphere, we can now decompose the total wavefunction |Ψ〉 into a sum of
atomic wavefunctions |φa〉, each weighted by an expansion coefficient ci, by:
|Ψ〉 =
∑
i
cai |φai 〉, (2.20)
and, using the transformation operator, map these onto the pseudo-wavefuctions:
|φai 〉 = (1 + T a)|φ˜ai 〉. (2.21)
From this, the transformation operator is now known in terms of the atomic wave-
functions:
T a|φ˜ai 〉 = |φai 〉 − |φ˜ai 〉 (2.22)
The expansion coefficients are given by:
cai = 〈pai |Ψ˜〉, (2.23)
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where pai are projection operators that are orthonormal to the pseudo-atomic waves
(i.e. they must satisfy the condition
∑
i |φ˜aj 〉〈pai | = 1). By combining this condition
with Equations 2.19 and 2.22, we can rewrite the transformation operator as a double
sum:
T = 1 +
∑
a
∑
i
(|φai 〉 − |φ˜ai 〉)〈pai |, (2.24)
and, finally, rewrite the full Kohn-Sham wavefunction as:
|Ψ〉 = |Ψ˜〉+
∑
a
∑
i
(|φai 〉 − |φ˜ai 〉)〈pai |Ψ˜〉. (2.25)
While this series of equations may seem rather obtuse, Equation 2.25 represents
an extremely important result, as we now have the total wavefunction written in
terms of atomic wavefunctions, pseudo-wavefunctions, and the projector functions.
However, care must be taken in selection of an appropriate form for the projector, as
different functions can result in different levels of accuracy. To summarize, we know
that a very fine grid is needed to capture the information of the oscillating core states;
in the original Kohn-Sham formalism, however, this means a very fine grid would be
applied to the smooth functions as well, adding unneeded computational complexity.
In the norm-conversing approach, the core states were simply removed, at the expense
of losing knowledge about them. Qualitatively, what the PAW approach presented
here has done is divide the original all-electron Khon-Sham wavefunction |Ψ〉 into two
parts: one that contains functions that are smooth everywhere (i.e. both inside and
outside the augmentation sphere), and one which contains highly oscillatory functions.
The key innovation is that the smooth functions and oscillatory functions can now
be treated separately by a very rough and very fine grid, respectively, allowing for
retention of the core state information while significantly speeding up calculations.
Finally, because atomic wavefunctions have been used, pseudopotentials generated
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from this approach are independent of the chemistry of the system, as only one
pseudopotential per atomic species (which can then be concatenated) is needed.
2.6 The Band Gap “Problem” and DFT+U
Although density functional theory provides an amazing degree of accuracy and
predicts many material properties well, one of its major problems is a failure to prop-
erly describe excited state properties; a primary manifestation of this problem is a
severe underestimation of the band gap, often by up to 50%.64 This is a particular
issue in oxides containing so-called strongly correlated metals, or those with whose
ground states contain highly localized electrons, such as Mn, Co, Fe, and Ni com-
pounds.65 On a fundamental level, this stems from the fact that density functional
theory tends to “over-delocalize” electrons due to the exchange-correlation functional
(i.e. LDA or GGA) not fully canceling the self-interaction term. The electronic band
gap is therefore reduced because an electron (or, more specifically, the charge density
associated with it) repels itself, causing an exaggerated delocalization, which imparts
greater metallic character to a system. While several methods have been proposed
to deal with this problem, such as dynamical mean field theory (DMFT)66 or GW,67
their computational expense is often prohibitive. One of the most successful ap-
proaches has been to supplement DFT calculations with model Hamiltonians based
on the Hubbard model,68 which significantly improves the accuracy of the band gap
while only slightly increasing the cost of a calculation.69
The central idea of the Hubbard model is that electrons in a lattice can be char-
acterized by two terms: one which allows for a transfer between atoms (this is related
to the electrons kinetic energy, and is often referred to as “hopping” or “tunneling”),
and one which describes their on-site interaction (related to a potential energy). An
insulating ground state then occurs when electrons from one atom cannot transfer
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because of the repulsion from those on neighboring atoms. By applying an energetic
penalty (henceforth called U) to the “hopping,” electrons can be forced to be in cer-
tain orbitals in DFT calculations. The total energy of a system can now be written
as:
EDFT+U = EDFT + EU − Edc, (2.26)
where EDFT is the total energy computed from density functional theory, EU is the
aforementioned penalty, and Edc is a double counting term removing the interaction
energy that is already accounted for in EDFT . It is important to keep in mind that
this Hubbard correction is selected by the user and only applied to the orbitals which
contain the strongly correlated electrons, such as the d states in transition metals
or f states in rare earth elements; the rest of the electrons are treated by standard
density functional theory.
2.7 Lattice Dynamics and Instabilities
The final first principles computational methods covered in this chapter are lattice
dynamical calculations. Lattice dynamics are key to understanding a wide variety of
phenomena, including, but not limited to, phase transitions, thermal properties, and
superconductivity.70–74 From the viewpoint of density functional theory, computation
of the phonon band structures is an indispensable tool when attempting to determine
the ground state of a given system from first principles. The calculations in this
thesis rely on the harmonic approximation and on the determination and solving of
the dynamical matrix.75,76 Because atoms move very little around their equilibrium
positions at low temperature, we can expand the energy of a crystal as:
E(∆~R) = E(~R0) +
∑
lsα
∂E(~R0)
∂ ~Rlsα
∆~Rlsα +
1
2
∑
lsα
∑
l′s′β
∂2E(~R0)
∂ ~Rlsα∂ ~Rl′s′β
∆~Rlsα∆~Rl′s′β + ...,
(2.27)
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where ∆~R describes the displacement of atom s in unit cell l from its equilibrium
position along a given Cartesian direction (indicated by the Greek subscripts). The
truncation of this expression after the second order term (as shown above) is called
the harmonic approximation. Given this, any particular atom feels a force of:
Flsα = −∂E(
~R0)
∂ ~Rlsα
= −
∑
l′s′β
Φlsα,l′s′β∆~Rl′s′β, (2.28)
where Φ is the so-called matrix of interatomic force constants and has the form of a
Hessian:
Φlsα,l′s′β =
∂2E(~R0)
∂ ~Rlsα∂ ~Rl′s′β
. (2.29)
The solution to this second order differential equation takes the form of a traveling
wave:
~Rlsα(~r, t) =
∑
k
~Rlsα(k)e
i~k~reiωkt, (2.30)
and substitution of this solution into Equation 2.28 allows us to obtain the dynamical
matrix:
Dsα,s′β(~k) =
1√
MsM ′s
∑
l′
Φlsα,l′s′βe
i~k(~Rl′s′−~R0,ls). (2.31)
Finally, solutions of this matrix yield the phonon frequencies ωm~k (corresponding to
mode m and wave vector ~k) and their eigenvectors m~k:
∑
s′,β
Dsα,s′β(~k)m~k(s
′β) = ω2
m~k
m~k(sα). (2.32)
There are two main methods for computing the phonon band structure: the frozen
phonon method and density functional perturbation theory (DFPT).77 Here, a small
displacement is applied to each atom, and the forces felt by all atoms in the system is
calculated by using the Hellmann-Feynman theorem. This process is repeated until
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the entire force constant matrix Φlsα,l′s′β is generated. Within this approach, large
supercells must often be generated in order to access certain parts of the Brillouin
zone; depending on the size of the system, this method can be quite time intensive.
However, because each set of atomic displacements can be considered independently,
the frozen phonon method is trivially parallelizable.
In DFPT, the variation in the electron density and wavefunctions is obtained from
first-order perturbation theory, which generates a set of equations to be solved self-
consistently (analogous to the Kohn-Sham equations of DFT). Furthermore, because
the perturbations of different wavelengths are decoupled, the phonons at any arbitrary
~q can be obtained. However, DFPT can take large amounts of time. In principle, the
two methods produce the exact same results, and the choice of method is generally
based on time constraints and the size of the system under study.
As alluded to previously, phonon calculations are highly useful for determining
the ground state of a system owing to the information about stability it can provide.
If imaginary frequencies appear in the phonon band structure, it indicates that the
system is unstable to the pattern of atomic displacements characterized by that mode
and that their insertion into the crystal structure will lower the energy. If all the
phonon frequencies are positive (i.e., real), any further distortions will raise the energy
of the system, indicating that this structure is in a minimum of the potential energy
surface.
As an example, consider the perovskite LaAlO3; phonon calculations on the high
symmetry cubic Pm3¯m phase of this material indicate the presence of triply degen-
erate unstable modes at the R-point in the Brillouin zone (Figure 2.1).78 An analysis
of the displacement eigenvector indicates that this linear combination of these modes
represents rotations of the AlO6 octahedra about the three axes. Once this distortion
is frozen in, re-computing the phonons shows no unstable modes; this rhombohedral
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Figure 2.1: Phonon band structure of cubic Pm3¯m LaAlO3 computed using density
functional theory. The imaginary frequency at the R point represents a mode to
which the high symmetry phase is unstable; in this case, it corresponds to out-of-
phase AlO6 octahedral rotations along the three Cartesian axes. Freezing in these
displacements takes LaAlO3 from its high symmetry Pm3¯m phase to a R3¯m ground
state.
R3¯m phase can therefore be considered dynamically stable and a local ground state.
2.8 Specific Computational Details
Unless otherwise specified, all investigations presented in this dissertation were
performed using density functional theory as implemented in the Vienna Ab-initio
Simulation Package (VASP),43,79,80 a plane-wave based code. Furthermore, projector
augmented-wave (PAW) potentials63 with the PBEsol functional54 were chosen be-
cause they are adjusted to give better agreement with lattice parameters and bond an-
gles specifically in solids. The k-point meshes for all systems were generated using the
Monkhorst-Pack scheme.60 If a Hubbard U correction was necessary, it was applied
using the Dudarev formalism to treat the appropriate correlated states.81 Symmetry-
adapted mode decompositions were performed using the ISODISTORT tool, part of
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the ISOTROPY software suite,82 and all atomic structures were visualized using the
Visualization for Electronic and Structural Analysis software (VESTA).83
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3. STRUCTURE AND CHEMISTRY OF PEROVSKITE AND
PEROVSKITE-RELATED COMPOUNDS
The family of ABX3 perovskites is one of the most chemically diverse of all ma-
terials, as they are able to accommodate most of the elements of the periodic table.
Because of this, the electronic character of different members can range from metallic
to semiconducting to insulating (while also being able to transition between them),
and they can exhibit exotic magnetic orderings, colossal magnetoresistance, supercon-
ductivity, multiferroicity, and piezoelectricity (among many other properties).84–90
Furthermore, the flexibility of the characteristic corner-connected network of BX6
octahedra makes these properties highly tunable via epitaxial strain or chemical sub-
stitution. In this chapter, I discuss the crystal-chemistry of perovskites, including
common chemical descriptors and structural distortions, as well as cation ordering
possibilities. I also review the closely related ABX2.5 brownmillerite phases, which
are perovskite derivatives exhibiting ordered channels of anion vacancies.
3.1 Perovskite Crystal Structure and Chemistry
A prototypical member of the perovskite family has the general chemical formula
ABX3, where A and B are cations and X are anions. These materials can support a
vast array of chemistries, with the A- and B-site able to accept most of the metallic
or semi-metallic elements of the periodic table (Figure 3.1a), as well as small organic
molecules (such as methylammonium, CH3NH3). Furthermore, although the majority
of perovskites are oxides (X = O), there are also halides (X = F, Cl, Br, I), sulfides (X
= S), and nitrides (X = N), with multi-anion chemistries also possible.91–100 The B-
site atoms are coordinated by six X anions, which can be imagined as BX6 octahedra
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Figure 3.1: (a) The ABX3 perovskite family can accommodate a wide variety of
elements from the periodic table on the A-site (green), B-site (blue), and X-site (red).
(b) The perovskite structure consists of corner-connected BX6 octahedra (blue), with
A-site cations filling the interstices and forming AX12 cuboctahedra (green).
that form a three-dimensionally corner-connected network extending throughout the
crystal; the A-site atoms sit in the interstices and are coordinated by 12 anions,
forming AX12 cuboctahedra (Figure 3.1b). While this ideal structure exhibits cubic
space group symmetry Pm3¯m (no. 221), the vast majority of perovskites do not
form in this undistorted phase, but instead undergo displacive distortions, the most
common of which are cooperative displacements of the anion sublattice manifesting
as “rotations” of the BX6 units.
101–103
The standard notation for describing these octahedral rotations was introduced
by Glazer in the 1970’s104,105 and later refined with group theoretical insights from
Aleksandrov106 as well as Howard and Stokes.107 A given octahedral rotation pattern
is indicated by aXbXcX , where a, b, and c denote the Cartesian a, b, and c axes,
respectively. The X superscript is then replaced depending on the type of rotation
present; along a Cartesian direction, the BX6 units can either remain unrotated
(indicated by X = 0, Figure 3.2a), or they can rotate in-phase (X = +, Figure 3.2b)
or out-of-phase (X = −, Figure 3.2c). Finally, if the magnitude of the rotations are
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Figure 3.2: Cooperative anion displacement patterns result in “rotations” of the flex-
ible corner-connected network of BX6 octahedra in perovskites. Octahedral rotations
patterns can consist of (a) no rotations, (b) in-phase rotations, or (c) out-of-phase
rotations along different Cartesian axes; combinations of each result in (d) mixed tilt
patterns.
equal along two different axes, they are replaced by the same letter. Given these
rules, the undistorted perovskite shown in Figures 3.1b and 3.2a exhibits the a0a0a0
rotational pattern, while those in Figure 3.2b and 3.2c exhibit a0a0c+ and a0a0c−,
respectively; Figure 3.2d shows an example of a perovskite with a mixture of both
in-phase and out-of-phase tilts (a−a−c+). After taking all possible combinations into
account, there are 15 distinct octahedral rotation patterns that retain the corner-
connectivity of the BX6 network (Table 3.1), which can be divided based on whether
the pattern exhibits no rotations, only in-phase rotations, only out-of-phase rotations,
or both in-phase and out-of-phase rotations (“mixed”). Each distortion modifies the
point symmetry of different Wyckoff positions, resulting in the 15 different space
groups listed (Table 3.1).
The most common qualitative descriptor parameterizing the propensity for a given
perovskite to undergo octahedral rotations is the Goldschmidt tolerance factor,108
given by:
τ =
rA + rX√
2(rB + rX)
, (3.1)
where rA, rB, and rX are the ionic radii of the A-site, B-site, and X-site ions, re-
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spectively. Although Shannon’s ionic radii109 are often used to compute τ , it is often
better to utilize the tabulated A-X and B-X bond lengths from the bond valence
model, which does not require knowledge of the cation coordination environment.110
This quantity is a measure of the ability of the A-site cations to comfortably fit inside
the interstices of the BX6 lattice. For τ close to 1, the A-site is the ideal size to
fill these spaces, and the undistorted cubic phase is predicted to form. A tolerance
factor below 1 indicates that the A-site cation is too small and is underbonded by
the X-site anions; to improve the A-site coordination and enhance A-X covalency,
the compound typically undergoes octahedral rotations. This heuristic measure holds
until τ ≈ 0.7, below which value the perovskite structure is highly unlikely to form.
Finally, if τ is greater than 1.1, the A-site atom is too large, and non-perovskite
hexagonal polymorphs are the most commonly observed phases.111,112
Although the tolerance factor is a useful measure of determining the stability
of a given perovskite chemistry and whether a compound will undergo octahedral
rotations, predicting what type of rotations (Table 3.1) it will undergo is a much more
difficult task. Although the resulting tilt pattern(s) exhibited by a perovskite are the
result of complex ionic and covalent interactions not easily condensed into simple
rules, it is possible to identify some heuristic guidelines and chemical arguments for
the observation of different tilt patterns. The first observation to note is that because
the octahedra are assumed to remain nearly rigid while rotating (in the absence of
other electronic instabilities), optimization of the A-X coordination environment is
generally what drives these structural distortions.102 The two most common tilt
patterns are by far orthorhombic a−a−c+ (Pnma) and rhombohedral a−a−a− (R3¯c),
which together represent nearly 75% of perovskites.103 In the case of a−a−c+, the BX6
rotations are stabilized primarily by the ability of the A-site to off-center and create
strong A-X bonds. While the cations are not allowed to off-center in the a−a−a− case,
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Table 3.1: The 15 distinct BX6 rotational pattern can be divided into groups based
on whether the pattern contains no rotations (1 variant), in-phase rotations only
(4 variants), out-of-phase rotations only (6 variants), or a mixture of in-phase and
out-of-phase rotations (4 variants).
Rotation Pattern Glazer Notation Space Group
None a0a0a0 Pm3¯m (221)
In-phase a0a0c+ P4/mbm (127)
a0b+b+ I4/mmm (139)
a+a+a+ Im3¯ (204)
a+b+c+ Immm (71)
Out-of-phase a0a0c− I4/mcm (140)
a0b−b− Imma (74)
a−a−a− R3¯c (167)
a0b−c− C2/m (12)
a−b−b− C2/c (15)
a−b−c− P 1¯ (2)
Mixed a0b+c− Cmcm (63)
a+b−b− Pnma (62)
a+b−c− P21/n (11)
a+a+c− P42/nmc (37)
this tilt pattern is stabilized by the fact that it allows for maximum ionic interaction
(i.e. Coulombic attraction of cations and anions). Finally, the undistorted a0a0a0
pattern is also fairly common, and a+a+a+ is often exhibited by double perovskites
of the form AA′3B4O12;
113 while other types of rotations are possible, many of them
are exceedingly rare or have never been seen in bulk.103
One useful descriptor for comparing different octahedral rotation patterns in per-
ovskites is the global instability index (GII),114 which is given by:
GII =
√√√√ 1
N
N∑
i=1
d2i , (3.2)
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where N is the number of atoms in the unit cell. The variable di is called the “dis-
crepancy factor,” and is simply the difference between the formal oxidation state of
atom i and its computed bond valence sum in the structure under study. This implies
that the closer an atom is to its ideal valence, the smaller di will became, and the GII
will be minimized; the smaller the GII, the more stable the structure is predicted to
be. Previous work has determined that the ground state of a typical perovskite will
have GII < 0.1, and nearly always < 0.2.115 By freezing in different tilt patterns and
seeing which one minimizes the GII, we can obtain a rough measure of which one a
given ABX3 chemistry has the greatest propensity towards. In Chapter 5, I show
how the GII can be utilized to better understand how selection of the appropriate
chemistries can induce particular types of the aforementioned lattice distortions and,
in combination with cation ordering (discussed in the next section), change or destroy
the presence of certain symmetry operations in perovskites.
3.2 Cation Ordering
The diversity of the perovskite family is further increased by the fact that more
than one chemical species can occupy the A-, B-, and X-site.116 Furthermore, or-
dering the atoms (as opposed to having a random alloy) can remove the presence
of certain symmetry elements from the perovskite crystal structure. Chemical sub-
stitution of the A and B cations is an especially fruitful route to obtaining ordered
compounds as it often occurs naturally.117–120 Furthermore, the use of kinetically
controlled growth methods such as molecular beam epitaxy has also given a greater
degree of control over chemical ordering.33,35,121–123 I would like to mention here that
although anion substitution is a vast field, with a wide variety of oxyhalide, oxyni-
tride, and multihalide perovskites all known to exist, purposeful ordering is difficult
to achieve.98,99,124 In this section I discuss the different types of cation ordering and
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Figure 3.3: Chemical ordering of A and A′ (a, b, c) or B and B′ (d, e, f) cations along
the [001], [110], and [111] crystallographic direction in perovskites. The undistorted
a0a0a0 phase in combination with layered (a, d) or columnar ordering (b, e) produces
space group P4/mmm, or Fm3¯m in the presence of rock salt ordering (c, f).
the factors stabilizing them and show how they can be combined with the previ-
ously shown octahedral rotation patterns to purposefully change and modify point
symmetry operations and induce or enhance physical properties.
The three most common ways that A-site and B-site cations can order in per-
ovskites are colloquially known as “layered”, “columnar”, and “rock salt” based on
how the ordering scheme looks (Figure 3.3). More formally, these orderings are iden-
tified by planes which contain “like”-atoms (i.e. planes that contain only all A or A′
atoms): [001] for layered, [110] for columnar, and [111] for rock salt. As in the case
of octahedral rotations, these types of cation ordering modify the point symmetries
of different Wyckoff positions, reducing the symmetry from the Pm3¯m space group
of the unordered phase; also, similar to rotations, binary cation ordering alone can
32
not lift inversion symmetry in perovskites. In bulk materials, electrostatic arguments
give insight the preference and stability of different ordering patterns for the A and
B cations. For A-site ordered compounds, the difference in oxidation state between
A and A′ is most commonly 0 or 1, and never more than 2; this means that size
differential is the more important factor. In terms of this constraint, the layered con-
figuration (Figure 3.3a) is the most favorable type of A-site ordering. Furthermore,
layered A-site ordering can be stabilized by both oxygen vacancies and A-site vacan-
cies. A-site columnar (Figure 3.3b) and rock salt (Figure 3.3c) ordering are much less
common, and are stabilized by an a+a+c− octahedral rotation pattern or an A/A′
charge difference, respectively. In B-site ordered compounds, the valence difference
between two different B/B′ cations can range anywhere from 0 to 6. Here, layered
(Figure 3.3d) and columnar (Figure 3.3e) ordering are often very rare; instead, rock
salt ordering (Figure 3.3f) is preferred in order to maximize the separation between
highly charged B-sites.125
Finally, both the A-sites and B-sites can be cation ordered simultaneously to
produce perovskites of the form (A,A′)(B,B′)O6. Unsurprisingly, the most common
configuration is that of “double” perovskites, consisting of layered A-sites with rock
salt ordered B-sites (i.e., the most electrostatically preferred configuration for each re-
spective site). However, as eluded to previously, kinetically controlled growth methods
such as oxide molecular beam epitaxy allow for layer-by-layer growth of perovskites;
in this way, double layered, double columnar, and double rock salt cation ordering
patterns may be produced by growth on an [001]-, [110]-, and [111]-terminated sub-
strate. However, this type of growth is still difficult, and realistic control over this
level of precision is one of the grand challenges in synthesis science. In Chapter 5,
I will explore how the 10 types of cation ordering discussed here can be combined
with the 15 octahedral rotation patterns discussed previously to deterministically lift
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inversion symmetry and produce polar perovskite oxides.
3.3 Brownmillerites
The family of brownmillerite oxides (general formula ABO2.5 or, as I will alterna-
tively refer to them in this thesis, A2B2O5) can be derived from ABO3 perovskites
with one-sixth of the oxygen atoms removed (Figure 3.4a), creating parallel rows
of ordered anion vacancies along the [110] crystallographic direction; this results in
alternating layers of corner-connected BO4 tetrahedra and BO6 octahedra (Figure
3.4b). These resulting vacancy channels make these materials very useful for ionic
conducting and anion insertion applications.126–133 While cooperative distortions and
octahedral rotations are well understood in perovskites (as discussed in the previous
sections), the tetrahedral layers in the brownmillerites add additional structural com-
plexity and possible degrees of freedom for materials design. Both the octahedra and
tetrahedra can rotate, with each tetrahedral chain able to ‘twist’ in a “left-handed”
or “right-handed” sense, resulting in two different types of chains related by a mirror
plane perpendicular to its direction (Figure 3.5a). Furthermore, these different chains
can be ordered relative to each other within the brownmillerite unit cell, resulting in
a variety of structures displaying different space group symmetries.
When the tetrahedra and octahedra are not rotated (or have disordered left- and
right-handed chains, such as incommensurate ordering or no long range order), the
structure displays the Imma space group (Figure 3.5b); this aristotype may be used
as a high symmetry reference phase for which subsequent structural analyses are
made. Some structures, such as Sr2CoFeO5 and Sr2MnGeO5,
134,135 display this phase
at ambient conditions, while others become disordered at high temperature (including
Ca2Al2O5 and Ca2Fe2O5).
136,137 Each of the three low-symmetry bulk hettotypes dis-
play two-dimensional sheets of corner-connected octahedra, which rotate out-of-phase
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Figure 3.4: The removal of chains of oxygen atoms (colored in black) from the ABO3
perovskite structure (a) results in the vacancy ordered ABO2.5 (or A2B2O5) brown-
millerite structure (b), which consists of alternating layers of BO4 tetrahedra and BO6
octahedra along the b direction. The undistorted rows of BO4 tetrahedra can then
‘twist’ (c) to create left- or right-handed chains (colored blue and red, respectively).
along the a and c axes. This rotation transforms like the irreducible representation
(irrep) Γ+1 of the Imma phase.
Along the b axis, however, the allowed displacements of the oxygen atoms are con-
strained by the ‘handedness’ and ordering of the tetrahedral chains, which ultimately
control the final symmetry of the brownmillerite structure. The tetrahedral chains
can cooperatively rotate in a variety of ways, each described by a different irrep of
Imma. When the tetrahedra rotate into either all left- or all right-handed chains,
the structure displays the polar space group I2bm owing to the Γ−3 irrep (Figure
3.5b). If there is a racemic mixture of both types of chains, the structure becomes
centrosymmetric with different relative orderings generating different symmetries. Al-
ternating chains of different handedness within each tetrahedral layer are described
by the Λ4 irrep and yields the centrosymmetric Pbcm structure (Figure 3.5c), while
alternation between layers (given by X+4 ) gives the centric Pnma structure (Figure
3.5d). Because the left- and right-handed chains are related by symmetry and differ
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Figure 3.5: (a) Tetrahedral chains can rotate into either a left-handed (blue) or
right-handed (red) configuration. The hypothetical high symmetry brownmillerite
structure (b) is defined as having no octahedral or tetrahedral rotations and has the
Imma space group. Relative ordering of tetrahedral chains results in three different
low-symmetry structures. If all chains are of the same handedness, the structure is
polar I2bm (c); alternation of left- and right-handed chains within each layer results
in centric Pbcm (d), while alternation between each layer gives centric Pnma (e).
The A-site cations are omitted from the low-symmetry structures for clarity. When
brownmillerite structures are placed under epitaxial strain, the oxygen deficient layers
can order (f) parallel or (g) perpendicular to the substrate with the pseudocubic
orientations shown in (h) and (i), respectively.
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only by small atomic displacements, the formation energies for the different poly-
morphs are nearly degenerate and should form with equal probability. However, each
of the aforementioned ordering types is seen experimentally in various members of
the brownmillerite family, and the driving force behind the preferred type in different
chemistries is not completely understood.
Another degree of freedom appears for the brownmillerite structures when they
are grown as a thin film, e.g., via molecular beam epitaxy or pulsed laser deposition,
owing to the constraints imposed by epitaxial strain. In this thin film case, the
oxygen-deficient layers can order parallel or perpendicular to the substrate (this is
shown in Figure 3.5f and 3.5g, respectively, with the pseudocubic orientation shown
in Figure 3.5h and 3.5i). Although different strain states will stabilize one orientation
over the other, it is not always clear which will be preferred and why. In (La,Sr)Co2O5,
for example, tensile strain stabilizes perpendicular ordering while compressive strain
stabilizes parallel ordering;138,139 however, the opposite effect is observed in strained
Ca2Fe2O5.
140
What factors lead to and stabilize the preferred ground state in different brown-
millerite compounds, both in bulk and under strain? In 2005, Abakumov et al.
put forth the idea that the twisting of tetrahedral chains away from the undistorted
180◦ orientation creates local dipole moments with larger rotations producing larger
dipoles.141 Hadermann and Abakumov et al. further suggested that the distance
between the tetrahedral layers (i.e., the length of the b axis) is also an important
factor to consider.142 Parsons et al. then recognized that each tetrahedral order-
ing scheme distorts the octahedra in different ways; the fact that the octahedra are
not connected out-of-plane (along b) causes the apical oxygen atoms to displace more
than the equatorial ones, which creates a ‘shearing’ effect from this non-rigid rotation.
Generally, the I2bm phase causes the least octahedral (elastic) distortion, followed
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by Pnma, with Pbcm causing the most. They then rationalized these arguments into
a “structure map” relating the observed phase of different brownmillerites to these
factors, followed by a classification of several known compounds into this scheme.143
In this map, they plot tetrahedral layer separation (i.e., b-axis length) against dis-
tortion of the tetrahedral chains from 180◦ (i.e., magnitude of tetrahedral rotations).
At high rotation angles, they postulate that the Pbcm structure is most stable when
the layer separation is high, while Pnma is stable at low separation. When the ro-
tation angles are small, they suggest that I2bm is stable at small layer separation,
while Imma is stable at large.
Although these observations have been key in building an understanding of struc-
tural trends in brownmillerite oxides and are corroborated by some recently synthe-
sized brownmillerite phases (such as Ca2Cr2O5),
144 discrepancies in this structure
map show there are additional effects which should be considered. Ca2FeCoO5 and
Ca2Co2O5, for example, both display the Pbcm rather than the structure-map pre-
dicted Pnma structure.145,146 In Chapter 7, I will attempt to resolve these discrep-
ancies by introducing two new structural descriptors and showing how they interact
to produce the observed ground state in different brownmillerites.
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4. PHYSICS OF ACENTRIC PROPERTIES
In this chapter, I discuss ferroelectricity and piezoelectricity, which arise owing to
the lack of inversion symmetry in a material’s crystal structure. These properties are
immensely important to modern technology and find use in a wide variety of elec-
tronic devices, including sensors, actuators, tunnel junctions for non-volatile memory,
transducers for medical imaging, tunable dielectrics, and solar cells.2–13 However, de-
spite these effects being known for well over a hundred years (piezoelectricity was
discovered in 1880147 and ferroelectricity in 1920148), new discoveries, insights, and
applications are still being made.
A ferroelectric is defined as a material that exhibits a spontaneous electric polar-
ization that is switchable by the application of an electric field.149 Piezoelectricity,
on the other hand, is the appearance of an electric polarization under applied stress;
any crystal which is ferroelectric is necessarily also piezoelectric.150 In this chapter,
I first discuss the electric polarization, central to both of these properties. Although
this may seem trivial, a proper understanding of it eluded scientists until the early
1990s and the development of the so-called “modern theory”.151–155 I then detail the
physics underlying ferroelectric phase transitions and describe how compounds can
be divided based on different energetic mechanisms (i.e., proper vs. improper).
4.1 Berry Phases and the Modern Theory of Polarization
The electric dipole is one of the most central properties of interest to dielectric ma-
terials, especially ferroelectrics. Despite its importance, however, the modern theory
put forth by Resta, King-Smith, and Vanderbilt in 1992 and 1993 was the first truly
correct microscopic description of this property in bulk solids.151–155 My overview
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here is based upon two excellent resources: the review by Resta and Vanderbilt (Ref.
156) and the “beginner’s guide” by Spaldin (Ref. 157). At the fundamental level, the
dipole moment (~p) resulting from the separation (given as the vector ~r) of two point
charges with charges +q and −q is given by:
~p = q~r; (4.1)
for a collection of charges, the total dipole is simply the sum of each of these individ-
ual dipoles. Although this notion of polarized units works well for systems such as
small molecules, it falls apart in three dimensional solids with a periodic lattice. In
attempting to compute such bulk properties in a crystalline solid, the first approach
one can take to is to simply normalize Equation 4.1 to the volume of the unit cell
(Ωcell). This is known as the Clausius-Mossotti model and relies on the presence of
“polarization centers,” which can take the form of many different features in a solid
(such as charged ions, bonds, etc.). The main problem with this line of thinking,
however, is that in reality the charge density of a solid is continuous and cannot be
localized in this way.
As an attempt to rectify this, the presence of polarized units can be removed by
replacing the summation of dipoles with an integral over the charge density n(~r), and
the polarization (~P ) of one unit cell can be computed as:
~Pcell = (
1
Ωcell
)
∫
~r n(~r) e d~r, (4.2)
where e is the fundamental charge of an electron, and the total polarization is the
sum over all unit cells. This, however, can still not be a complete picture, as in
this formulation the polarization now depends on the size and the shape of the unit
cell. For example, consider the unit cells of the one dimensional chain of alternating
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charges of +q and −q shown in Figure 4.1a. If we compute the polarization in the
standard way, we find that ~P = q
2
. However, if we simply re-define the unit cell by
shifting it half a lattice parameter and compute the polarization of the chain shown
in Figure 4.1b, the polarization is reversed and becomes ~P = −q
2
. This result would
imply that the electric polarization is not a bulk effect, but rather depends on details
of the surface termination, a thought which does not agree with a thermodynamic
description of this property.
Eventually, this discrepancy provided the impetus for the aforementioned “modern
theory of polarization,” which was developed by Resta, King-Smith, and Vanderbilt
in the 1990’s. The key insight which led to the reconciliation of polarization as a bulk
property is that changes in the electric polarization that occur during some process
(e.g., switching on an electric field) are more fundamental than absolute magnitudes.
Although at first glance this may seem unintuitive, an understanding can be gleaned
from considering how ferroelectric polarizations are measured experimentally. One of
the oldest methods of measuring ferroelectricity is the Sawyer-Tower circuit, in which
a capacitor made from the ferroelectric material of interest is placed in a circuit with a
capacitor of a known reference.158 A voltage is then cycled by a signal generator, and
the voltage across the reference is measured. These values are fed into an oscilloscope,
which generates a hysteresis loop; the ferroelectric polarization is then defined as one
half of the difference between the polarization at the top and bottom of the loop.
The polarization difference ∆~P thus requires two states to be completely defined.
Switching between these two states involves a reorientation of the electric dipole, caus-
ing charge to flow through the sample (i.e. a transient current); this is the quantity
actually being measured in an experimental setup. The macroscopic electric polar-
ization can then be recast in terms of this current j(t) through the sample over some
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Figure 4.1: (a) In a one dimensional chain of alternating point charges of q and −q,
computing the “total” polarization results in a value of q
2
. (b) By shifting the unit
cell by half of a lattice parameter, the polarization flips to −q
2
. If a ferroelectric
distortion is applied to the chain (by shifting one point charge by a distance d), we
obtain a new polarization of (c) q
2
+ d
a
or (d) −q
2
+ d
a
. The polarization of a material,
however, should not depend on the definition of the unit cell. (e) The modern theory
of polarization put forth the idea that polarization changes (given by ∆P ) are more
fundamental than magnitudes, and that polarization is actually a multivalued lattice
quantity. Computing ∆P for both systems (i.e., a/c and b/d) now results in the same
value despite the change in unit cell between them; they fall on different branches of
the polarization lattice that are separated by one polarization “quantum”.
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time t as:
∆~P =
∫ ∆t
0
j(t)dt. (4.3)
If we then parameterize this adiabatic change with the parameter λ such that λ = 0
corresponds to the initial state and λ = 1 to the final state and take the initial
state to be a centrosymmetric reference structure (with ~P = 0), we can re-write the
spontaneous polarization of a ferroelectric as:
~P =
∫ 1
0
d~P
dλ
dλ. (4.4)
Now consider the eigenstates ψkn of a crystal with lattice periodicity with momen-
tum k and quantum number n, which have the form of the Bloch wave function given
in Equation 2.15. Assuming that the system remains in its ground state throughout
the course of the current flow, we can apply a first-order correction from adiabatic
perturbation theory, given by:
|δψkn〉 = −i~dλ
dt
∑ 〈ψkm|∂λψkn〉
Ekn − Ekm . (4.5)
Summing over all occupied states gives the current as:
j(λ) =
d~P
dλ
=
ie
(2pi)3
∫
〈∇kunk|∂λunk〉dk + c∗, (4.6)
where c∗ is the complex conjugate. After integrating with respect to λ and applying
the Born-Oppenhemeier approximation as before to separate the polarization into
ionic and electronic parts, we obtain:
∆~P = ~Pion + ~Pelec(λ = 1)− ~Pelec(λ = 0); (4.7)
43
here the ionic contribution is given by ~Pion =
e
Ωcell
∑
Zionr (where Zion is the bare
nuclear charge of the ion), and the electronic contribution is given by:
~Pelec(λ) =
e
(2pi)3
∑∫
BZ
Im(〈unk|∇k|unk〉)dk. (4.8)
This equation constitutes a “Berry phase” and is the central result of the modern
theory of polarization.
One interesting consequence of casting Equation 4.8 in this way is that the ex-
pression is only defined modulo 2pi, meaning that the polarization is then defined
modulo eR
Ωcell
(where R is the lattice vector). This then implies that polarization is
not a vector quantity, but rather a multivalued “lattice.” To better understand what
this means, reconsider Figure 4.1; if we shift the cations by some distance d (i.e., a
ferroelectric displacement) and compute the polarization of the cell in Figure 4.1c,
we find that ~P = q
2
+ d
a
. Once again, if we shift the unit cell to that shown in Figure
4.1d and compute ~P , we find that the polarization is flipped to ~P = −q
2
+ d
a
. However,
if compute the change in polarization between the “non-polar” and “polar” lattice
(i.e., Figure 4.1a and 4.1b or 4.1c and 4.1d, respectively) for each choice of lattice,
we find that in both cases ∆~P = d
a
. We have now removed the unit cell dependence
from calculations of the polarization, showing that differences are more fundamental
quantities than magnitudes.
Finally, the plot of polarization versus displacement in Figure 4.1e shows how
each of these unit cells are related to one another. If a ferroelectric distortion that
displaces the atoms by a distance d is induced (going from 4.1a to 4.1c or from 4.1b
to 4.1d), there is a corresponding increase in the polarization. Furthermore, if we
re-define the unit cell (going from 4.1a to 4.1b or from 4.1c to 4.1d), we move to a
different polarization branch; this is what is meant by the fact that the polarization is
a “multivalued lattice”. Regardless of which branch we are on, the difference between
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any two branches (the polarization quantum) does not change. Computationally, this
means that after the polarization is computed, the polarization of a higher-symmetry
reference phase must also be computed, with the difference being taken as the “true”
value; the polarization of a series of a intermediate structures should also be computed
to ensure that both the high symmetry and low symmetry phase are on the same
branch.
4.2 Ferroelectric Phase Transitions
In most ferroelectrics, there is a phase transition from a high symmetry non-
polar paraelectric phase to the ferroelectric phase below some critical temperature
Tc.
149 A standard way to categorize ferroelectrics is into either (i) displacive or (ii)
order-disorder based upon the details of the high symmetry phase. In displacive fer-
roelectrics, cooperative off-centering of ions from their positions in the high symmetry
phase (typically driven by bond formation) breaks inversion symmetry and produces
a spontaneous polarization.159 The prototypical example of this is the perovskite
BaTiO3; across the phase transition, the Ti
4+ cations displace from the center of the
oxygen octahedral cage owing to a hybridization between Ti 3d and O 2p states.160,161
On the other hand, the symmetry breaking distortions are always present in each unit
cell of an order-disorder ferroelectric, but are randomly oriented above Tc; it is their
cooperative alignment below Tc which then produces the spontaneous polarization.
162
NaNO2 and KH2PO4 are two common examples of this, with NO2 units and hydrogen
atoms, respectively, cooperatively selecting a site preference below Tc.
163,164 However,
there are very few materials that are purely displacive or purely order-disorder, and
most ferroelectrics (including those listed above) have been show to display both types
of behavior.161,165–167
Ferroelectrics can also be classified by the microscopic mechanism responsible
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for the inversion symmetry breaking across the phase transition. For example, a
mismatch in the size of the ions can induce lattice distortions across Tc; recall from
Chapter 3 that this is what causes octahedral rotations in perovskites (as described by
the tolerance factor). These are the so-called “geometric” ferroelectrics, and examples
include BaMnF4 and YMnO3.
168,169 There are also “magnetic” ferroelectrics, where
inversion symmetry is broken by magnetic ordering, such as that which occurs in
rare earth manganites (GdMnO3, DyMnO3, and TbMnO3)
170,171 and Ni3V2O8.
172,173
Finally, there is the family of “electronic” ferroelectrics, where a spontaneous polar-
ization is induced by complex ordering of charge (found in BaBiO3)
174 or orbitals
(predicted in SrCrO3).
175
4.3 Ferroelectricity in Perovskites and the Soft Mode
Because perovskites are the focus of this dissertation and one of the most overall
studied families of ferroelectric oxides, the physics and chemistry underlying ferroelec-
tricity are presented from the point of view of these materials. The first ferroelectric
perovskite was discovered in 1946, when polarization switching was demonstrated in
BaTiO3.
176 Up until this point, ferroelectricity had only been found in materials
with a hydrogen-bonded network, and the presence of hydrogen was thought to be
a necessary condition for a spontaneous polarization. Later work eventually showed
that BaTiO3 underwent a series of phase transitions from cubic non-polar Pm3¯m to
ferroelectric tetragonal P4mm (393 K, P=33 µC/cm2), orthorhombic Amm2 (278
K, P=36 µC/cm2), and rhombohedral R3m (183 K, P=27 µC/cm2). As described
previously, the spontaneous polarization is produced by an off-centering of the Ti4+
cation from the center of the TiO6 octahedral cage. Across each phase transition,
however, these displacements (and thus the polarization) shift from occurring along
the [001] direction to the [110] direction, and finally to the [111] direction as a func-
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tion of decreasing temperature. Although there are perovskites whose ferroelectric
behavior is much simpler, I use BaTiO3 as an illustrative example because it was the
first discovered and most highly studied during the era in which the phenomenological
theory was being laid out.
4.4 Landau-Devonshire Theory of Ferroelectricity
Typically in displacive (and order/disorder) phase transitions the space group
symmetries of the two phases show a group/subgroup relationship, where the low
symmetry phase G approaches the high symmetry G0 phase continuously. The key
concept of Landau theory is to construct an expression for the free energy F of the sys-
tem that captures the details of the phase transition near Tc. To describe these phase
transitions quantitatively, one can introduce an “order parameter” η as a quantity
that captures the reduction in symmetry accompanying the phase transition and usu-
ally has a clear microscopic meaning, e.g., collective ionic motion or site-distribution
changes. It may also be single or multi-component (this will be covered in more detail
in subsequent sections). Ferroelectricity is associated with a crystallographic phase
transformation from a centrosymmetric non-polar lattice to a non-centrosymmetric
polar lattice, and this change at the critical temperature Tc is always accompanied
by a change of crystal symmetry manifesting in a non-zero value of η. This change
can be captured as F(η) = F0 + ∆F(ηi), where ∆F (being small near the phase
transition) can be expanded as a Taylor series in terms of the order parameter η.
In 1949, Devonshire applied Landau’s theory of phase transitions to BaTiO3,
showing that it accurately predicts the aforementioned phase transitions.177 In ferro-
electrics such as BaTiO3, the primary order parameter in the free energy expansion
has the same symmetry elements as the pattern of atomic displacements giving rise
to the polarization; that is, the appearance of a spontaneous electric dipole is driving
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the phase transition. The simplest second-order phase transition model capturing
this transition is:
F(η) = α(T )
2
η2 +
β
4
η4 +
γ
6
η6 − EP + . . . . (4.9)
The form of this equation is such that below some critical temperature Tc at which
the polarization condenses, α(T ) (which has the form a(T ) = a0 × (T − Tc)) changes
sign, resulting in a minimum in the free energy at finite η (Figure 4.2a); there is also
a minimum at −η corresponding to the opposite sense of the displacements, resulting
in the characteristic ferroelectric switching phenomenon. By taking the derivative of
this expression with respect to the polarization (∂F/∂P = 0), we obtain the electric
field in terms of the polarization: E = aη + bη3 + cη5. We can now solve for the
dielectric susceptibility:
χ =
P
E
=
1
a
=
1
a0(T − Tc) (4.10)
From this, it is easy to see that across the ferroelectric phase transition at Tc, there
is a divergence of the dielectric susceptibility; this is analogous to the divergence of
the magnetic susceptibility across a ferromagnetic transition as predicted from the
Curie-Weiss law.
The divergence can then be connected to the “softening” (i.e., a decrease in the fre-
quency) of a transverse optical phonon through the Lyddane-Sachs-Teller relation.178
In 1960, Cochran applied this soft mode theory to ferroelectrics and showed that the
frequency of the soft phonon becomes zero at Tc and the associated polar displace-
ments obtain a finite amplitude (i.e., “freeze in”).179 We now see that the freezing
in of the off-center Ti displacements, which produce the polarization in BaTiO3, are
what is driving the ferroelectric phase transition. This is further equivalent to saying
that the polarization is the primary order parameter, as was stated previously; materi-
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Figure 4.2: The energetics of a paraelectric to ferroelectric phase transition for a (a)
proper and (b) improper ferroelectric system.
als which display this type of behavior are known as proper ferroelectrics. There are
many other perovskites that are proper ferroelectrics, such as KNbO3, which under-
goes the same series phase transitions as BaTiO3 (Nb
5+ displacements).180 PbTiO3,
on the other hand, only transitions to the P4mm tetragonal phase (occurring at 760
K).181 However, there are Pb2+ displacements as well as Ti4+ off-centering, giving
this material a much larger polarization P=75 µC/cm2). Similarly, the polarization
in BiFeO3 is mainly produced by Bi
3+ displacements rather than Fe. The chemical
mechanisms behind this will be discussed in the next section.
Finally, there are some perovskites which display soft mode behavior, but where
the frequency of the polar phonon never reaches zero. Instead, quantum fluctuations
stabilize the phonon at low temperatures, and they remain centrosymmetric. Such
materials (with SrTiO3 and KTaO3 being the prototypical examples) are called “in-
cipient ferroelectrics” or “quantum paraelectrics” and are often said to be on the
cusp of a ferroelectric phase transition. Indeed, recent experiments have shown that
SrTiO3, KTaO3, and CaMnO3 can be “nudged” into the ferroelectric state by the
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application of epitaxial strain;182–184 although this same effect has been predicted in
CaTiO3, it has not yet been experimentally verified.
185 Furthermore, chemical doping
of Pb and introduction of oxygen vacancy defects have also been shown to be able to
induce ferroelectricity in SrTiO3, CaTiO3, and KTaO3.
186,187
4.5 Chemical Mechanisms
While Landau theory and soft mode behavior provide powerful insights into ferro-
electric phase transitions, they are, at their heart, phenomenological theories; that is,
they are unconcerned with and make no mention of the atomic makeup of a material
or chemical mechanisms such as bonding. However, because very few perovskites dis-
play ferroelectricity,188 there clearly must be some chemical criteria for its presence.
At it simplest, the appearance of ferroelectricity is a competition between short-range
and long-range interactions.189 Non-polar structures minimize short-range repulsions
between electron clouds of adjacent ions and therefore are preferred in most cases.
Polar structures are stabilized by long-range Coulomb forces between positive and
negative ions (i.e., by dipole-dipole interactions). The ferroelectric distortions (such
as Ti4+ or Pb2+ off-centering) are then stabilized by changes in chemical bonding
driven by the second-order (or pseudo-) Jahn-Teller effect.190–192
This effect is almost exclusively limited to metals with a d0 electronic configura-
tion, such as the Ti4+ cations in the complex perovskite oxide BaTiO3, or to those
with a stereoactive lone-pair, such as Pb2+ in PbTiO3.
1,190,193 I note, however, that
recent investigations have shown that it is in fact possible for atoms with non-zero
dn configurations to undergo proper ferroelectric displacements.191 The meaning of
this becomes clear if we expand the energy of the ground state system as a function
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of the Jahn-Teller distortion, quantified by Q:
E(Q) = E0 + 〈0|∂H
∂Q|0〉Q+
1
2
[〈0|∂
2H
∂Q2 |0〉 − 2
∑
n
|〈0|∂H
∂Q |n〉|2
En − E0 ]Q
2. (4.11)
Here, E0 is the energy of the ground state, while 〈0|∂H∂Q |0〉 is the energy gain or
penalty of a first-order Jahn-Teller effect; as expected, this term is only non-zero for
degenerate states.
The second-order Jahn-Teller (SOJT) effect is captured by the rest of the expres-
sion, and the relative magnitude of term [i ] = (〈0|∂2H
∂Q2 |0〉) and term [ii ] = (
|〈0| ∂H
∂Q |n〉|2
En−E0 ).
By understanding what these terms represent physically, we can gain an understand-
ing of the stabilizing mechanisms behind ferroelectricity. Term [i ], which is always
positive, describes the energetic penalty for a distortion; or, said another way, this
term represents the short-range Coulomb repulsions favoring a centrosymmetric state.
On the other hand, term [ii ] is always negative and represents the mixing of ground
and excited states (i.e., the formation of new bonds). In order to lower the total
energy of the system, the magnitude of term [ii ] must be larger than term [i ], which
can be achieved by having low lying excited states and minimizing the denominator
En − E0. If [ii ] > [i ], the formation of new bonds is favorable enough to overcome
the electrostatic repulsions, and the system distorts.
The reason that the d0 and ns2 cations undergo these displacements is because
term [i ] is smallest for closed shell atoms; without any spatially extended valence
electrons, the repulsion represented by this term is minimized. Chemically, these
two types of SOJT-active systems are stabilized by slightly different mechanisms.
In BaTiO3, for example, the off-centering of Ti
4+, a d0 cation, is stabilized by a
hybridization of the empty d states with the 2p states of the surrounding oxygen
anions. While the off-centering of lone-pair driven ferroelectrics is also driven by a
re-hybridization, it is now the p states of the cation interacting with the oxygen 2p
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states, such as the Pb2+ 5p states in PbTiO3.
4.6 Improper Ferroelectrics
In contrast to proper ferroelectrics, improper ferroelectrics exhibit a transition
with an order parameter Q that describes some non-polar (in the sense that it does
not alone produce a spontaneous electric polarization) atomic distortion pattern; it
thus has a physical meaning other than that of a polar IR-active phonon. The generic
Landau functional which describes such transitions takes the form
F(Q, η) = α(T )
2
Q2 +
β
4
Q4 +
α′
2
η2 +
β′
4
η4 + ξηm ·Qn + . . . , (4.12)
where a macroscopic polarization is induced by the coupling term ξηm ·Qn when the
temperature-dependent α coefficient changes sign. Because the low-order powers of
the coupled order parameters are commonly the most important, the coupling term
can be truncated194 to m = 1 and 1 ≤ n ≤ 4, as well as any biquadratic terms.
Consideration of the order of coupling between Q and η then leads to a natural
division among displacement patterns active in an improper ferroelectric.
What is Q? Symmetry arguments indicate that Q could be represented as the
amplitude of a zone-boundary phonon; the Q mode will then occur at or within the
Brillouin zone boundary (k 6= 0) of the centrosymmetric unit cell and thus is always a
multicomponent order parameter (or may represent a combination of different modes).
However, routine discovery, let alone design, of improper ferroelectrics which have a
suitable coupling between zone-boundary lattice instabilities (that modify the trans-
lational symmetry) and polar phonons (which reduce point symmetry) is challenging.
Unlike their conventional (proper) counterparts which have well understood stabiliza-
tion mechanisms for the polar phonon – dpσ-bond formation and/or stereo-chemical
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lone-pair activity – tailoring anharmonic interactions to have a soft Q-related phonon
coupled to η need not have an obvious chemical prescription. Despite this complexity,
however, there exists a larger class of non-polar modes capable of producing a po-
larization through anharmonic interactions, which I will review shortly. Determining
how to induce this coupling between one or two zone-boundary modes and a set of
polar displacements by selecting suitable cations is key to designing new magnetic
ferroelectrics.
However, I should make note that there are some forms of order parameter cou-
pling that, while possible, are not examined and fall outside the scope of this thesis.
First, the presence of a bilinear coupling of the form η Q (m = n = 1) implies that
the ferroelectric transition could occur without a change in the size of the unit cell, in
contrast to the zone-boundary origin of Q proposed previously. While this has been
observed in magnetic or order-disorder driven ferroelectrics (such as the spiral phase
of TbMnO3
170,195 or Ca9Fe(PO4)7
196), I do not consider these ‘pseudo-proper’ ferro-
electrics here. Furthermore, if the lowest order coupling is a (negative) biquadratic
η2Q2 term, the ferroelectric transition is known as “triggered”;197 here, η is not in-
duced solely by Q, but rather Q can be activated, and hence “triggered,” by some
other instability (for examples and a more detailed treatment of triggered phase tran-
sitions, see Refs. 198–200).
The energetics of a paralectric to improper ferroelectric transition are shown in
Figure 4.2b. Here, the energy minima shifts to η 6= 0, losing the double well potential
characteristic of a proper transition. This is because the spontaneous polarization is
often dynamically stable with respect to the centrosymmetric structure and will only
arise as a result of some other distortion. This then means that in order to switch
the minima to −η, the entire sense of the non-polar distortion Q must be reversed.
Finally, the presence of a coupling term in the free energy is not sufficient to declare a
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material an improper ferroelectric; the energy gain from having both of the distortions
present must be greater than either individually.
4.7 Hybrid Improper Ferroelectrics
Recent reports have identified a new type of rotationally-driven mechanism capa-
ble of producing polarizations, known as hybrid improper ferroelectricity.201 In such
materials, Equation 4.12 is extended to include multiple, equally important primary
Q order parameters. Polarizations arise in these materials from a symmetry allowed
trilinear coupling term in the free energy, given by, for example, F = γQ1Q2η, where
Q1 and Q2 are octahedral rotation modes of different symmetry. Microscopically, the
non-polar lattice modes serve to remove inversion centers present in the paraelectric
structure, and are often rotations or other structural displacements which distort the
polyhedral networks in the crystal structure.
An important note related to the nature of the transition is that it also depends
on the critical temperature at which the two non-polar modes responsible for the
appearance of P occur. The two modes can condense at the same temperature (an
“avalanche” transition202), or they can condense at different temperatures (a “stag-
gered” transition203). While an avalanche transition would be a true hybrid im-
proper ferroelectric phase transition, a staggered transition may not necessarily be
one. When the first mode condenses, a change of the symmetry or size of the unit
cell could mix the remaining mode together with the polar mode at the zone-center
of the new phase; the onset of this new mode would actually be a proper ferroelec-
tric transition following the previously discussed definition. However, because this is
somewhat different than the proper ferroelectric transition in BaTiO3, such materials
have previously been termed “weakly polar.”204,205 Although in this chapter I have
made no distinction between a hybrid improper or weakly polar phase transition when
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discussing ferroelectricity arising from a trilinear coupling of modes, the existence of
this phenomenon is important to understand during the experimental investigations
of these materials as it imposes constraints on the temperature-dependent dielectric
response.
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5. PREDICTIVE MODELS FOR INVERSION SYMMETRY LIFTING
In this chapter, I put forth two new predictive models for (1) understanding and
classifying geometric improper ferroelectrics in terms of structural distortions and (2)
designing new non-centrosymmetric perovskites by identifying exactly which combina-
tions of octahedral rotations and cation ordering schemes lift inversion symmetry, and
the chemistries that are likely to result in those features. The first model describes a
new classification scheme which divides these materials based on how different cooper-
ative anion displacement patterns (divided into “rotational” and “pseudo-rotational”
modes) combine to cooperatively lift inversion symmetry. I then provide an overview
of the geometric improper ferroelectric literature to show how known compounds fit
into this scheme.
In the second model, I detail how the arrangement and control of basic building
units (BBUs) and chemical (cation) ordering in a material alters the presence or
absence of inversion symmetry. Through consideration of the ordering of centric and
acentric BBUs in one- and two-dimensional toy systems, I first review the structural
“features” necessary to break spatial parity; I then extend this model into three
dimensions and describe how the simultaneous presence of octahedral rotations and
cation ordering in perovskite oxides fulfills these criteria. I next apply these guidelines
to create the first complete and comprehensive overview of what combinations of these
structural distortions and A- and B-site ordering schemes can lift inversion symmetry.
Finally, I detail which chemical species have the greatest tendency towards a given
rotation pattern through calculation of the global instability index (a quantitative
measure of stability based on bond valence arguments) of 137 ABO3 perovskites.
These new models will form the basis upon which the investigations described in the
following chapters are based and provide a robust route for the discovery of novel
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non-centrosymmetric oxide materials.
5.1 Towards a New Taxonomy for Improper Ferroelectrics
As described in the previous chapter, a structural distortion that is not a polar
mode drives the phase transition in improper ferroelectrics. In this section, I review
geometric improper ferroelectrics and propose a new classification scheme for their
division; as discussed in Chapter 4, these materials’ ferroelectric phase transition is
driven by atomic size effects rather than electronic degrees of freedom such as spin,
charge, or orbital ordering.
I divide the compounds into two variants based on the number and symmetry
of modes active in the transition and appearing in the free energy expansion that
lead to inversion symmetry lifting. Type I improper ferroelectrics have one primary
mode coupled to a polar IR-mode, whereas Type II distinguishes improper ferro-
electrics with two active Q modes linked to a polar mode. A literal ‘A’ or a ‘B’ is
then appended to specify whether the microscopic mode(s) involved in describing the
symmetry change are rotational or pseudo-rotational, respectively. This classifica-
tion method results in five categories of improper ferroelectrics that are summarized
in Figure 5.1. In the next sections, I show how previously identified improper ferro-
electrics can be classified in this way. I have not intended to be completely exhaustive,
but rather choose illustrative examples of how one can apply the classification scheme
to understand the atomistic displacements responsible for lifting inversion symmetry.
5.1.1 Type A
Type A compounds contain a single proper rotational mode which couples to
a polar mode and stabilizes the ferroelectric state. I first consider the family of
boracites, which have the general formula M3B7O13X; here M is a divalent metal
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Figure 5.1: Geometric improper ferroelectrics can be divided into Type I or II based on
whether the polarization is coupled to one or two zone-boundary modes, respectively.
Additionally, these modes can be classified as proper (A) or pseudo-rotational (B)
modes. The combination of each of these designations results in five distinct classes
of geometric improper ferroelectrics.
and X is a halogen. The structure consists of a corner-connected network of BO4
tetrahedra and BO3 sheets with highly distorted MO4X2 octahedra forming a second
network along the [110] direction. This is one of the oldest and most expansive family
of ferroelectrics with the mineral boracite (Mg3B7O13Cl) first discovered in the late
1700s and piezoelectricity found in the late 1800s.147 Indeed, its low temperature
crystal structure was determined to be polar Pca21 in the 1950s.
206 Eventually, the
compound Ni3B7O13Cl was shown to be ferroelectric
207 and shortly after Ni3B7O13I
(which exhibits weak ferromagnetic ordering on the Ni sublattice) became the first
identified magnetic ferroelectric.208,209 Since then, the members of this family have
expanded to encompass a range of chemistries, including M=Mg, Cd, Cr, Mn, Fe,
Co, Ni, Cu, and Zn and X=F, Cl, Br, I or even OH or NO3 (see Refs. 210–212 and
references therein).
These compounds all display a paraelectric (nonpolar achiral) F 4¯3m cubic phase
at high temperature and undergo a phase transition to orthorhombic polar Pca21;
certain members also undergo further phase transformations to monoclinic Pb and
rhombohedral R3c.213 The microstructure of these materials is often complex with
many phases displaying twinning and ferroelectric domains.214,215 Nonetheless, the
primary order parameter driving the transition is clear; at the atomic scale it consists
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Figure 5.2: The structure of YMnO3 consists of disconnected planes of MnO5 polyhe-
dra alternating with layers of Y atoms. The ferroelectric transition from (a) P63/mmc
(b) to P63cm occurs via a zone-boundary K3 mode describing the crumpling of MnF5
planes and nonpolar Y displacements coupling to a polar Γ−2 mode.
of a rotation of the B-O framework, which is described as a zone-boundary mode given
by the irreducible representation X5.
216,217 This is coupled to an IR-active Γ4 mode,
which produces a spontaneous polarization via displacements of the M atoms along
the [001] direction—the magnitude of which can range from 2×10−3 to 5 µC/cm2.218
Finally, the boracites display several other interesting properties, including strong
magnetoelectric coupling (due to the ferroelectricity and magnetism arising from the
same atoms) and ferroelastic effects.219
The hexagonal manganites form another well-known family of improper ferro-
electrics. The prototypical member, YMnO3, consists of layers of corner-connected
MnO5 bipyramids and exhibits antiferromagnetic ordering of the Mn atoms below
75 K.220,221 Upon transition from centrosymmetric P63/mmc (Figure 5.2a) to po-
lar P63cm (Figure 5.2b) at 1260 K, a spontaneous polarization appears owing to
a unit cell-doubling tilting of MnO5 polyhedra (given by irrep K3) and a “crum-
pling” of YO planes (irrep Γ−2 ).
169,222 This ferroelectric phase transition has been
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extensively studied experimentally, and its exact nature is quite complex and de-
bated.223–227 First principles calculations and experimental results have shown that
while the K3 mode is soft and the Γ
−
2 mode is hard in the phonon band structure of
centric P63/mmc YMnO3, a coupling of the two modes in the free energy expansion
of the form F = ... + α1Q3K3QΓ−2 + βQ2K3Q2Γ−2 results in a shift of the Γ
−
2 mode to
a non-zero equilibrium value upon condensation of K3.
228,229 Based on the scheme
presented here, YMnO3 is then classified as a Type A compound.
Although YMnO3 is the prototype of the RMnO3 hexagonal manganites, many
of the other members display Type A improper ferroelectricity resulting from the
same set of atomic distortions, including R = Ho, Er, Tm, Yb, and Lu,230,231 albeit
with different magnitude. The isostructural hexagonal ferrites (RFeO3) would also
be classified as Type A improper ferroelectrics within this scheme. Several members
of this family have been synthesized experimentally, such as R=Eu, Er, Tm, Yb,
and Lu.232 Additionally, recent first principles studies on the hexagonal ferrates have
shown that it is theoretically possible to increase the polarization by up to 60%
through both chemical pressure (by substituting larger rare earth atoms such as Ce,
Pr, and Nd) and epitaxial strain.233,234
There are several isomorphic halides that may be classified as Type A owing to the
same displacement modes found in the hexagonal transition metal oxides, including
TlFeBr3, RbMnBr3, TlCoCl3, and KNiCl3.
235,236 Finally, hexagonal BaMnO3 also
undergoes the same P63/mmc to P63cm transition, despite having a different crystal
structure (face sharing rather than corner-sharing polyhedra);237 indeed, first princi-
ples calculations have shown that the same K3 and Γ
−
2 modes are responsible for this
transition.238 This microscopic understanding of the hexagonal manganite structure
has led to the design of novel ferroelectric materials, both theoretically (RGaO3 and
RInO3)
239 and experimentally (YbFeO3).
240
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I next turn to the rare earth molybdates with chemical formula R2(MoO4)3 (where
R=Tb,Gd, or Sm),241–243 which also exhibit ferroelectricity of this nature.244 In the
paraelectric phase, these oxides exhibit the nonpolar non-centrosymmetric P 4¯21m
space group and consist of R atoms surrounded by completely disconnected MoO4
tetrahedra (Figure 5.3a). Upon condensation of an unstable phonon mode at the
M -point (described as M2M4 with respect to the centric P 4¯21m structure), which
manifests as cooperative rotations of the MoO4 units, the structures reduce to or-
thorhombic Pba2 (Figure 5.3b) with a corresponding appearance of a spontaneous
polarization along the c axis (described by the polar mode Γ3).
236 The polarization
arises via displacements of the Gd cations and MoO4 tetrahedral lattice; the fact
that the anti-parallel motions of the Gd atoms mostly cancel, however, means the
polarization is only ∼ 0.2 µC/cm2.245 This symmetry analysis has shown that these
compounds can also be considered Type A improper ferroelectrics despite having a
completely different crystal structure than the boracites or hexagonal manganates.
A fourth well-known family that can be classified as Type A improper ferroelectrics
are those with the chemical formula A2BX4. The prototypical member of this family
is K2SeO4. Like Gd2(MoO4)3, the crystal structure consists of disconnected SeO4
tetrahedra; however, the ratio of A-site atoms to tetrahedra per unit cell is greater
than in the molybdates. These compounds are also unique in that the members un-
dergo a phase transition from paraelectric Pnma (Figure 5.3c) to ferroelectric Pna21
(Figure 5.3d) via an intermediate incommensurate phase246–248 driven by a nonpo-
lar zone-boundary mode Σ2 (describing out-of-phase rotations of BO4 tetrahedra),
249
which is coupled to polar displacements described by Γ−4 .
250,251 The A2BX4 family of
improper ferroelectrics includes compounds with vastly different chemistries, includ-
ing oxides (K2SeO4), halides (Rb2ZnCl4, Rb2ZnBr4, K2ZnCl4), and molecular solids
([N(CH4)3]2ZnCl4, (NH4)2BeF4).
252–256
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Figure 5.3: The R2(MoO4)3 structure consists of disconnected MoO4 tetrahedra in-
terspersed with R atoms (R = Tb, Gd, Sm). The (a) high symmetry P 4¯21m structure
undergoes a transition to the (b) ferroelectric Pba2 phase upon condensation of M2M4
and Γ3 modes via a Type A improper mechanism. The prototypical A2BX4 structure
is similar, but consists of chains of A-sites and disconnected BX4 tetrahedra. These
compounds undergo a phase transition from (c) high symmetry Pnma to (d) ferro-
electric Pna21 via a Σ2 mode coupling to a polar Γ
−
4 mode, resulting in a spontaneous
polarization along c.
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Most of the compounds discussed so far undergo a ferroelectric transition into a
polar structure from a paraelectric phase containing inversion symmetry. However,
this is not a required condition for the appearance of an improper polarization; the
paraelectric structure may also be nonpolar non-centrosymmetric. For example, the
stuffed tridymite BaAl2O4 displays a high symmetry P6322 paraelectric phase,
257–259
i.e. a space group that is both nonpolar and lacking inversion symmetry.1 This ma-
terial consists of corner-connected AlO4 tetrahedra—the SiO2 tridymite structure—
with Ba cations located in the space between tetrahedra. At 396 K, a soft phonon
mode describing tilting of the AlO4 tetrahedra condenses at the M -point (irrep M2),
driving it to the P63 ferroelectric phase.
260 The spontaneous polarization in this
structure occurs due to coupling of the M2 mode to a polar Γ2 mode, producing a
small net polarization of 0.08 µC/cm2 from an anharmonic interaction.258,261,262
A similar series of transitions occurs in the mineral family of sulfate langbeinites,
which have the general formula A2B2(SO4)3 and consist of a network of disconnected
SO4 tetrahedra. Most of the compounds, including the specific mineral langbeinite
[K2Mn2(SO4)3], undergo a phase transition from a high temperature P213 phase to
a low temperature P212121 phase, both of which are nonpolar space groups.
263,264
However, several members transition to the intermediate monoclinic P21, then tri-
clinic P1 structures, before the P212121 ground state, including compounds such as
Tl2Cd2(SO4)3,
265 Rb2Cd2(SO4)3,
266 and (NH4)2Cd2(SO4)3.
267,268 Note that both in-
termediate phases are also ferroelectric. As with the stuffed tridymites, rotations
of the SO4 tetrahedra described by M -point phonons induce the ferroelectric phase
transition.
Finally, the compound RbH3(SeO3)2 undergoes a similar P212121 to P21 ferro-
electric transition.269 The structure consists of SeO3 units connected through O-H-O
bridges. At 158 K, a phonon mode describing twisting of these units condenses at
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the Z-point, driving the ferroelectric phase transition.270 Like the previous two fam-
ilies, the spontaneous polarization is also small in this material, with a magnitude of
only 13 nC/cm2.271 Interestingly, the Rb member of this family is the only improper
ferroelectric; the Li member is a proper ferroelectric, while the Na member is always
centrosymmetric.
5.1.2 Type B
The Type B compounds are similar in nature to Type A in that one unstable
mode drives the symmetry lowering transition; rather than being a rotational mode,
however, it is pseudo-rotational. Our search reveals that it is difficult to locate ma-
terials which contain only one pseudo-rotational mode coupled to a polar mode that
induces an electric polarization. This likely occurs for a variety of reasons. While
a first-order Jahn Teller (FOJT) effect is in principle “simple” to achieve through
selection of the appropriate transition metal chemistry, this type of distortion alone
is insufficient to lift inversion symmetry in a three-dimensional crystal with corner-
connected octahedra.272,273 Additionally, while Berry pseudo-rotations are relatively
common in organic compounds274 and molecules such as PF5
275 or pentacoordinate
silicates,276 they are extremely rare, if they occur at all, in crystalline solids with
polyhedral networks.
Although our search of the literature revealed no Type B ferroelectrics, I offer
some suggestions as how to locate or purposefully engineer polar phases of this nature.
First, control over the topology of a material could be utilized in combination with the
FOJT effect to produce a polar structure. For example, if polyhedra exhibiting FOJT
distortions were ordered in such a way that their relative positions cooperatively lift
inversion, ferroelectricity could be induced despite the site symmetry of the metal
center within the polyhedra itself maintaining inversion symmetry. Second, crystalline
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solids containing organic networks (such as metal-organic frameworks discussed in
Section 5.1.4) could be a promising avenue for Type B ferroelectrics induced by Berry
pseudo-rotations. Finally, compounds which contain molecular rotations are also
viable candidate materials. The compound lawsonite (CaAl2Si2O7(OH)2·H2O), for
example, displays ‘crumpling’ of the H2O and OH molecules (described by Y
−
2 mode
and driven by steric instabilities) in addition to ferroelectricity;277 the polarization,
however, is actually induced via an order-disorder mechanism. Despite the rarity of
these distortions in crystalline solids, their discovery and investigation could open a
whole new area of geometric improper ferroelectrics.
5.1.3 Type AA
In Type AA improper ferroelectrics, the polarization arises as a result of two
rotational modes. This mechanism was first predicted by density functional the-
ory calculations in the Aurivillius compound SrBi2Nb2O9, where it was found that
the ferroelectric A21am ground state is a result of a coupling between three dis-
placive modes: an octahedral tilting mode, a mode consisting of oxygen movements
in the Bi2O2 layers, and a polar mode.
278 This result was followed by the discov-
ery of ferroelectricity in 1:1 layered artificial superlattices of the perovskite oxides
PbTiO3/SrTiO3, in which an in-phase and an out-of-phase rotational mode couple to
a polar mode to produce an additional contribution to the total spontaneous polariza-
tion.279 Further first principles investigations revealed that, similarly, two rotational
modes can also lead to a ferroelectric polarization in Ruddlesden-Popper phases via
coupling to a polar mode;201 because of this, the phenomenon was first dubbed “hy-
brid improper.” Since then, this type of ferroelectricity has been predicted and found
in a wide variety of material families, most predominately layered oxides.30 I first
examine the aforementioned ferroelectric SrBi2Nb2O9 to show that while a trilinear
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Figure 5.4: Mode decomposition of an ABi2B2O9 (a) paraelectric to (b) ferroelectric
phase transition. In the n = 2 Aurivillius structure, distortions of the Bi2O2 layer
couple to out-of-phase rotations of the BO6 octahedra as well as polar displacements
to produce a spontaneous polarization. The atoms are colored as follows: A (green),
Bi (purple), B (brown), O (red).
coupling may exist in a material, the question of which distortions drive the phase
transition is not always immediately apparent, requiring detailed experimental and
theoretical study.
SrBi2Nb2O9 is an n=2 member of the Aurivillius family
280 with general formula
(Bi2O2)(An−1BnO3n+1); here, a Bi2O2 is inserted between every n ABO3 perovskite
blocks.281 The polar displacements in this material are driven by only one rotational
mode (irrep X−3 ), rather than two as in the Ruddlesden-Popper or perovskite families.
Interestingly, the rotational mode condenses simultaneously with the Eu polar mode
via a proposed avalanche transition with the appearance of a displacement pattern
that describes the shifting of the atoms in the Bi2O2 layers (irrep X
+
2 ),
202 which is
quite unique. Rather than two nonpolar modes inducing a polarization, the polar
mode acts as the primary order parameter with the zone-boundary mode serving as
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the secondary order parameter; while this does not make the Aurivillius family a Type
AA improper ferroelectric in the strictest sense of our definition, I still find it prudent
to include this discussion. It provides an example to illustrate that the form of the
coupling requires the condensation of multiple modes; however, knowing the form
of the coupling alone is insufficient to identify the displacement mode active in the
transition. That understanding comes from a lattice dynamical calculation or through
careful experimentation, e.g. a temperature-dependent Raman study.282 Figure 5.4
shows how these distortions take SrBi2Nb2O9 from its high symmetry I4/mmm phase
(Figure 5.4a) to its ferroelectric A21am phase (Figure 5.4b). Other members of the
family also display ferroelectricity, such as n = 1 Bi2WO6
283 and n = 3 Bi4Ti3O12.
284
In order to understand the features characteristic of the Type AA ferroelectrics
within this scheme that can facilitate materials design, I now examine how this phe-
nomenon arises in Ruddlesden-Popper and perovskite compounds in detail. The
Ruddlesden-Popper structure has the general formula (ABO3)nAO; it consists of
ABO3 units ordered along the [001] crystallographic axis with an extra AO layer
inserted between every n units.285,286 The n= 1 and n= 2 members of this family
are illustrated in Figure 5.5a and Figure 5.5b. When n→∞, the ABO3 perovskite
results (Figure 5.5c). Because these structures are closely related, it should be no
surprise that the “improper” polarizations in both compounds can arise from sim-
ilar structural distortions. As mentioned previously, this requirement is the pres-
ence of both in-phase and out-of-phase rotations of the BO6 octahedral network (an
a−a−c+ tilt pattern in Glazer notation); the atomic displacement mode producing
in-phase rotations transforms like the irreducible representation X+2 or M
+
3 for the
Ruddlesden-Popper or perovskite structure, respectively, and that for out-of-phase
rotations is given by X−3 or R
+
4 (Figure 5.5d, 5.5e, 5.5f, and 5.5g). These modes
then may couple anharmonically to the polar A-site displacement mode Γ−5 of the
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cation ordered perovskite (or equivalently to the nominally antipolar X+5 mode of the
unordered centrosymmetric ABO3 structure
287).
In the case of perovskites, however, odd-period ABO3/A
′BO3 superlattices with
layered A-site cation ordering along the [001]-direction is also required to lift the nec-
essary symmetries. Note that ultrashort period 1/1 superlattices are equivalent to
(AA′)B2O6 perovskites. The absence of such additional chemical ordering would pro-
hibit the lattice anharmonicities from lifting inversion symmetry.288 (Other ordering
directions for the A and B cations can also yield the same effect, as noted below.) In
the Ruddlesden-Popper compounds, this ‘topological’ requirement is satisfied by the
inserted AO layer and spatially disconnected two-dimensional perovskite sheets. The
paraelectric Ruddlesden-Popper or layered perovskite structure (Figure 5.5d or 5.5f)
is then reduced to its ferroelectric ground state (Figure 5.5e or 5.5g) via this trilin-
ear coupling. In both cases, the materials exhibit anti-polar A cation displacements;
the spontaneous polarization then arises as a consequence of two chemically distinct
A-sites, preventing a complete cancellation of the oppositely aligned dipoles.
The fact that the ‘design rules’ summarizing the distortions and cation ordering re-
quirements for lifting inversion and activating an electric polarization in Ruddlesden-
Popper and perovskite structures are essentially chemistry-independent288–290 opens a
large discovery space for the creation of new materials. Additionally, cation ordering
along alternative directions in perovskites allows different Glazer rotation patterns
to lift inversion; tilts consisting of either two modes (such as a−a−c+) or one mode
(such as a0b−b−) can induce improper ferroelectricity.291 This atomistic understand-
ing has led to a host of new Type AA ferroelectric Ruddlesden-Popper and perovskite
compounds. For example, in addition to perovskite oxides, the layered perovskite flu-
orides (NaRb)Hg2F6 and (KRb)Hg2F6 have been predicted to display a spontaneous
polarization arising from the anharmonic lattice interaction coupling two rotational
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Figure 5.5: Crystal structure of an (ABO3)nAO Ruddlesden-Popper phase with (a)
n = 1, (b) n = 2, and (c) n = ∞. When n = ∞, the ABO3 perovskite structure
is obtained. Both Ruddlesden-Popper and perovskite oxides consist of a corner con-
nected network of 6-fold anion (red) coordinated B-sites (purple) with A-site cations
(blue) residing in the interstices.
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modes;292 while fluorides have long been known to be ferroelectric,293 it is very often
due to a proper mechanism (such as in BaMF4 compounds
168). It is also important to
mention that these criteria can be circumvented in some cases when nonpolar ABO3
perovskites are placed under sufficient epitaxial strain, for example in CaTiO3.
294
In the next section, I exhaustively detail all combinations of cation ordering and
octahedral rotations which can result in non-centrosymmetric perovskites.
Density functional theory (DFT) calculations provide an especially fruitful route
to predict new materials without inversion symmetry, as they allow for high through-
put testing of a large numbers of chemistries and the evaluation of relative phase
stability from the calculation of formation energies. Recent studies to this end, for
example, have predicted several new ferroelectrics in the Ruddlesden-Popper and
perovskite families.21,287 Consider the compound Ca3Ti2O7, which naturally exists
as a polar n= 2 Ruddlesden-Popper compound295 and was predicted to be a Type
AA ferroelectric with an electric polarization of 20 µC/cm2.201 Recently, this was
confirmed experimentally in Sr-doped phases of Ca3Ti2O7, where a spontaneous po-
larization was measured (although slightly smaller than predicted at 8 µC/cm2) and
successfully switched.296 Substitution of the Ti atoms with Mn results in isostructural
Ca3Mn2O7,
297,298 which is also predicted to display a small spontaneous polarization
of 5 µC/cm2.201,289 Interestingly, it was also found to have a large uniaxial nega-
tive thermal expansion.299 Indeed, these theoretical developments led to synthesis of
(CaySr1−y)1.15Tb1.85Fe2O7, an n= 2 Ruddlesden-Popper phase displaying coexisting
electric polarization and weak ferromagnetism at room temperature.300 Finally, first
principles calculations have predicted ferroelectricity in a series of (LaLn)Fe2O6 or-
dered perovskite superlattices (where Ln=Ce, Nd, Sm, Gd, Dy, Tm, Lu, Y), showing
how this same concept can be applied to a different material family.301
The family of (AA′)(BB′)O6 double perovskites, which spontaneously exhibit lay-
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ered A-site and rock salt ordered B-sites,116 are ripe for realizing Type AA ferroelec-
tricity. Similar to the scenario with A-site ordering alone, this type of ‘double’ cation
order lifts inversion symmetry in combination with an a−a−c+ tilt pattern. These
compounds most often contain an alkali metal (such as Na or K) and a rare earth
cation (such as La, Nd, or Tb) on the A and A′ site and have been experimentally
synthesized with a wide array of different B and B′ cations.117–120,302,303 Addition-
ally, it was recently shown that substitution of smaller rare earth cations on the
A′-site can significantly increase the polarization while retaining the B-site magnetic
order.304 Research on these compounds is still ongoing, however, as experimental
measurements on polycrystalline samples of (NaLa)(MnW)O6 and (NaNd)(MnW)O6
have failed to detect the electric polarization.305
Although the previous discussion has focused exclusively on Ruddlesden-Popper
and perovskite compounds, other structural families may be classified as Type AA fer-
roelectrics. The Dion-Jacobson compounds (general formula A[A′n−1BnO3n+1]) have
also recently garnered attention as hybrid improper ferroelectrics, as several members
are known to be polar, such as CsBiNb2O7 and CsNdNb2O7;
306,307 advances in ion-
exchange synthesis have also led to the identification of many new phases.308 While
the polarization is also driven by in-phase and out-of-phase rotations (described by
the irreps M+2 /M
+
3 and M
−
5 , respectively) as in the perovskites, the A-site atomic
displacements comprising the polar mode (Γ−5 ) are ferro- rather than anti-distortive,
resulting in much larger electric polarizations. The n = 2 compounds CsBiNb2O7,
RbBiNb2O7, and RbNdNb2O7, for example, have been predicted to show sponta-
neous polarizations of 40, 36, and 24 µC/cm2, respectively.309–311 Additionally, the
main contribution to the polarization in this family is from the B-site, but is driven by
A-site bonding preferences (which provide a somewhat large contribution as well).312
Recent experimental results have confirmed the presence of ferroelectricity and piezo-
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electricity in polar RbBiNb2O7 and CsBiNb2O7,
310,313 while theoretical studies have
shown the potential for enhancement of the piezoelectric response under strain.314
I summarize this section by noting that layered oxides (and halides) provide an
open “sand box” for the discovery of new Type AA (“hybrid improper”) ferroelectrics
with magnetic cations. Although the spontaneous polarizations are produced via
different atomic mechanisms, they broadly rely on the anharmonic coupling of two
nonpolar distortion modes to a polar mode of the crystal.
5.1.4 Type AB
Materials exhibiting improper ferroelectricity and containing pseudo-rotational
modes could also be considered “hybrid.” I classify such compounds as Type AB
or BB. Here, I will consider pseudo-rotations produced by first-order Jahn-Teller
(FOJT) distortions. Like the second-order Jahn-Teller (SOJT) effect discussed pre-
viously, the appearance of this phenomenon depends on the d electron configuration
of a metal cation; however, the FOTJ theorem applies to a much wider range of dn
configurations. Furthermore, while the SOJT effect itself is responsible for the spon-
taneous polarization in compounds such as BaTiO3, the FOJT effect cannot drive a
ferroelectric phase transition alone, as any distortion of this type preserves inversion
symmetry. Finally, although the criteria needed for the appearance of the SOJT effect
(i.e., a d0 transition metal) precludes the appearance of a magnetic moment (with a
few exceptions), the FOJT effect has no such restriction. By considering materials
in which a spontaneous polarization arises from the coupling of a pseudo-rotation,
such as a Jahn-Teller distortion and a proper displacive rotational mode, the space
for investigation of novel ferroelectrics is further extended. This type of distortion is
especially common in six-fold coordinated transition metal environments, so I return
and focus on perovskite-derived structures.
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Figure 5.6: Three types of first-order Jahn-Teller distortions that an ideal MO6
octahedron can undergo. The apical M -O atoms are extended in each case, but the
equatorial bonds can either be (a) all elongated and all compressed (also known as a
‘breathing’ distortion), (b) half elongated and half compressed, or (c) 2/3 compressed
and 1/3 elongated and vice versa. These are referred to as a Q1, Q2, or Q3 Jahn-Teller
distortion, respectively.
The corner-connected BO6 octahedral network in these structural families can
undergo three different types of Jahn-Teller distortions labeled Q1, Q2, and Q3, in
which: (1) all B-O bonds can be elongated or compressed (i.e., ‘breathing’ distortion,
Figure 5.6a), (2) the apical oxygens can be elongated while two equatorial oxygens
are elongated and two are compressed (i.e., ‘d-type’ distortion, Figure 5.6b), or (3)
all equatorial oxygens can be compressed while the apical oxygens are elongated (i.e.,
‘a-type’ distortion, Figure 5.6c). A symmetry analysis has revealed no combination
of the M+2 or R
+
3 Jahn-Teller modes with octahedral rotations (described by M
+
3 or
R+4 ) lifts inversion in perovskites,
272,273 similar to the fact that no combination of
the rotational modes M+3 with R
+
4 results in a polar space group. However, cation
ordering may be able to provide a route to lift inversion, as in the case of the Type
AA hybrid improper ferroelectrics.
Although B-site ordering in combination with Jahn-Teller modes is unable to
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lift inversion315 in perovskites, a recent theoretical crystallographic investigation has
shown that it is possible via A-site ordering in n= 1 Ruddlesden-Popper phases.290
This is important because while n= 2 Ruddlesden-Popper phases can display Type
AA improper ferroelectricity (such as the aforementioned Ca3Mn2O7), polar space
groups are exceedingly rare for the n=1 RP family; Balachandran et al. showed via
data-mining techniques that out of 105 n = 1 compounds known at the time, only
two exhibited a non-centrosymmetric space group.290 Using the crystal-chemistry
guidelines put forth, first principles calculations were used to investigate the A-site
ordered n = 1 Ruddlesden-Popper phase (La,Sr)MnO4, which is predicted to have a
polar Pca21 ground state displaying a ferroelectric polarization of 1.25 µC/cm
2.316
This transition occurs via coupling of a Jahn-Teller distortion of the Mn2+ cations
(which transforms as the irreducible representation X+2 ) and MnO6 octahedral ro-
tations (irrep. X+3 ) with polar displacements of the A-sites. The wide variety of
first-order Jahn-Teller active cations capable of being substituted on the B-site make
this an attractive route to the discovery of more new Type AB ferroelectrics.
The second class of materials which can be classified as Type AB ferroelectrics
is the family of metal-organic frameworks (MOFs), especially those with the ABX3
perovskite architecture. These compounds consist of both organic and inorganic
components with transition metal centers coordinated by chains of small organic
molecules. Interest in these materials began with the synthesis of a series of formates
[C(NH2)3]M [(HCOO)3], where M=Mn, Fe, Co, Ni, Cu, or Zn;
317 each member except
M=Zn was found to display spin-canted antiferromagnetic ordering. These structures
are similar to perovskites, but rather than the A- and X-sites being occupied by a
single cation or anion, they are filled with small organic molecules (here A is the
guanidine cation [C(NH2)3]
+), B is a transition metal, and X is the formate anion
([COOH]−). Out of these six compounds, one (M=Cu) was thought to be a poten-
74
tial multiferroic due to displaying a polar Pna21 structure. Indeed, first principles
calculations predict the presence of a small polarization of 0.37 µC/cm2 arising from
displacements of the NH2 groups.
318
Further investigation of an isostructural Cr MOF (also displaying magnetic order
and a small polarization of 0.22 µC/cm2) then showed that the polarization arises due
to a hybrid improper mechanism.319 However, the transition from centrosymmetric
Pnna (Figure 5.7a) to polar Pna21 (Figure 5.7b) occurs via a trilinear coupling
(mediated by hydrogen bonding320) between rotations of the organic A-site and a
Jahn-Teller distortion of the transition metal B-site to induce the polar displacements.
Interestingly, the antiferrodistortive order is produced by a combination of two Q2
Jahn-Teller distortions on different crystallographic sites; this ‘switching’ of the short
and long bonds is analogous to the Berry pseudo-rotation mechanism operative in
PF5.
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Figure 5.7: Mode decomposition of the paraelectric (a) to ferroelectric (b) phase
transition in the [C(NH2)3]Cr[(HCOO)3] metal-organic framework. Here rotations
of the A-site molecules and first-order Jahn-Teller distortions of the CrO6 network
couple to polar displacements and drive the structure from centrosymmetric to Pnna
to polar Pna21.
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This family of materials offers the potential for a wide variety of novel ferro-
electrics, as they are highly tunable via both cation substitution and ligand engi-
neering. Different organic molecules can substitute on the A- and X-sites, while
various transition metal cations can occupy the B site. For example, the compound
[(CH3CH2NH3)]Mn[(COOH)3], where the guanidine molecules have been replaced by
ethyl-ammonium while maintaining the presence of a first-order Jahn-Teller active
transition metal, also displays a Pna21 space group.
321 First principles calculations
have predicted this material to exhibit an electric polarization of 2µC/cm2.322 Ad-
ditional substitution of the A-site molecule in this compound with CH3CH2NF3 and
PH3CH2NF3 was predicted to further enhance the polarization to 5 µC/cm
2 and 6
µC/cm2, respectively.
The ABX3 architecture is not necessarily required for metal-organic frameworks
to be Type AB ferroelectrics. For example, the compound (C6H5CH2CH2NH3)2CuCl4
was recently found to exhibit ferromagnetic ordering below 18 K and a small ferroelec-
tric polarization below 4 K on the order of 0.025 µC/cm2.323 Although the structure
contains a network of octahedrally coordinated Cu2+ atoms corner-connected in the
xy plane, they are separated in the z direction by two layers of the phenylethyl amine
organic framework. The ferroelectric phase transition in this compound is driven by a
tilting or buckling of the CuCl4 complexes, as well as a Jahn-Teller distortion induced
by the Cu2+ cations, which results in a displacement of the N atoms from their high
symmetry positions; this is in contrast to the previously discussed MOFs in which one
distortion was a rotation of the organic molecules. As with the previous MOFs, these
compounds also offer a high degree of tunability. By replacing the phenylethyl amine
molecule with ethyl amine to create (C2H5NH3)2CuCl4, the polarization increases to
18 µC/cm2—an increase of three orders of magnitude.324
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5.1.5 Type BB
As with Type B improper ferroelectrics, Type BB compounds are fairly diffi-
cult to locate as the polarization arises from the coupling of two pseudo-rotational
modes. A focus on materials containing Jahn-Teller active cations appears to be a
promising way forward for discovering Type BB ferroelectrics. Indeed, this type of
mechanism has now been predicted from first principles to arise in the layered vana-
date perovskites (LaY)V2O6 and (LaPr)V2O6.
325 While a proper rotationally induced
polarization (i.e. a Type AA attribute) also exists in these compounds giving magni-
tudes of 7.89 (A′=Y) and 2.94 µC/cm2 (A′=Pr), a second trilinear term of the form
F ∝ γMJTRJTPz coupling a polar mode to two distinct types of Jahn-Teller distor-
tions (given by the irreducible representations MJT and RJT , Figure 5.8) arises in
the free energy expansion of (LaPr)V2O6. From this, a small additional spontaneous
polarization of 0.34 µC/cm2 is generated perpendicular to the first, due solely to the
Jahn-Teller activity of the V3+ cations. Although electronic structure calculations
show the potential for the existence of Type BB ferroelectrics, confirmation of this
effect experimentally remains elusive. As with Type B improper ferroelectrics, ex-
ploring materials with either Jahn-Teller active cations or organic frameworks may
prove fruitful in finding new Type BB compounds.
5.2 Designing Non-centrosymmetric Perovskites
Because the defining crystallographic feature of all of the ferroelectric materials
discussed in the previous section is the lack of inversion centers, simple chemistry-
independent models describing how to deterministically remove this parity operation
can facilitate the rapid identification and design of new polar compounds. The method
of inorganic crystal engineering considers the unit cell of a crystalline solid as being
formed by a linkage of “basic building units” (BBUs), which are polyhedra formed by
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Figure 5.8: Jahn-Teller distortions associated with the (a) MJT and (b) RJT modes.
the cations and anions present on a well defined lattice.19,326–329 By understanding
and manipulating the connectivity among these units, specific acentric properties can
be induced from purposefully lifting inversion and then further enhanced through
techniques such as chemical substitution and epitaxial strain.330
On the other hand, the chemical occupancy of sites among effectively equivalent
positions in a crystal can also modify (or remove) inversions centers. Consider the
diamond lattice: it is commonly described as a series of corner-sharing carbon tetra-
hedra and exhibits the nonpolar space group Fd3¯m (no. 227). An examination of
this structure reveals that inversion symmetry arises owing to the fact that all of
the atoms surrounding the inversion centers (Wykcoff position 16c) are chemically
equivalent. Coloring the lattice to transmute diamond into ZnS by substituting half
of the carbon atoms with zinc and half with sulfur results in a symmetry reduction
to the non-centrosymmetric space group F 4¯3m (no. 216).
The identification of similar strategies and their combination into one simple model
will allow for the targeted, rational design of new polar materials. In this section, I
seek to understand how the arrangement and control of BBUs and chemical (cation)
ordering in a material alters the presence or absence of spatial parity. I begin by
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identifying the criteria needed to lift “inversion” (in the lower dimensional cases, a
2-fold rotation axis is broken instead) in a one dimensional chain, using basic centric
and acentric shapes to draw connections to the crystal engineering approaches I will
apply to real materials. This model is next extended to two dimensions to show how
the tiling of these units in space can also lead to polar structures.
I then combine these motifs in three dimensional materials using the family of
ABX3 perovskites as a case study; I illustrate how rotations of the BX6 octahedral
network produce the required acentric A-site polyhedral BBUs, while cation order-
ing cooperatively aligns them so as to break inversion symmetry. By exhaustively
examining the space groups produced by all combinations of the 15 distinct BX6
octahedral rotation patterns in these materials with A-site, B-site, and combined
A- and B-site ordering along the [001], [110], and [111] directions, I identify a vast
array of new opportunities for non-centrosymmetric phases in the perovskite family.
Finally, I discuss the chemical criteria, such as tolerance factor and global instability
index (GII), that control the stability of various rotation patterns, while showing how
this information can be harnessed for materials design.
5.2.1 Structural Units and Symmetry
First, I consider the simplest case of a BBU that will tile a one dimensional
space. The symmetry of a two dimensional pattern repeated in one dimension is
given by one of seven frieze (line) groups.331 One can imagine replacing the BBUs in
three dimensional systems (i.e., cation-anion polyhedra) with simpler units (triangles
and squares) and reducing inversion centers to 2-fold rotation axes. Two different
systems can be generated depending on the type of building units chosen: one which
contains acentric units (triangles, without a 2-fold rotational symmetry, case I), and
one which contains centric units (squares, case II). Tiling either of these units on a
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Figure 5.9: (a) A one dimensional lattice is tiled with acentric BBUs on each lattice
point, (b) resulting in 2-fold rotation axes between each unit and a p2 frieze group.
These proper rotations are lifted in (c) by coloring the BBUs, reducing the symmetry
of the system to p1. Coloring a one dimensional lattice with centric units (d) lifts
the rotational symmetry between each unit, while changing the shape of the unit (e)
lifts it within each unit. When both actions are combined, all rotation axes present
in the system are removed (f). In two dimensions, the difference in spatial tilings of
the BBUs results in either a (g) centrosymmetric or (h) non-centrosymmetric lattice
despite the fact that both systems contain colored acentric units. The 2-fold rotation
can be removed in (g) by rearranging the BBUs into a different ordering configuration
(h).
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one dimensional lattice (Figure 5.9a) results in a simple one dimensional “crystal.”
Although the BBU or motif in case I does not contain a 2-fold rotation axis, the
way in which they have been tiled generates a two-fold rotation operation between
them, resulting in a lattice with frieze group p2 (Figure 5.9b). By coloring these units
differently (which acts similarly to chemical ordering in a real material as I show later)
the 2-fold axis is lifted. The now inequivalent BBUs produce a p1 symmetry i.e. an
acentric “crystal” (Figure 5.9c).
In case II where the one dimensional lattice is tiled with centric BBUs, a two-fold
rotation symmetry element will be found within each BBU as well as between them
(Figure 5.9d). The frieze group of this unordered lattice is p2mm. The consequence
of having two rotation elements is that a symmetry reduction requires that both
of these operations be removed. First, the same ‘coloring’ technique used in case
I may be applied to remove the rotational symmetry between units, leading to a
p11m symmetry (Figure 5.9d). In order to lift the 2-fold rotation located within
each unit, however, the motif must be altered further; reducing the centric squares to
acentric triangles produces the previously discussed p2 frieze group (Figure 5.9e). In
a realistic crystal, this may be accomplished by cooperative displacements of atoms,
which destroy the regularity of a polyhedron. By changing the shape and applying
the same coloring procedure as before, all rotational symmetries are removed from
the system, resulting in a one dimensional lattice exhibiting p1 symmetry (Figure
5.9f).
Additional complexities arise when the systems are extended to higher dimensions
as there are multiple ways to tile different colored BBUs in space and several new
implied symmetries appear owing to group combination rules. Even after following
the steps outlined in Figure 5.9, one lattice still exhibits a 2-fold rotation axis (plane
group p2mm, Figure 5.9g), whereas the other one does not (plane group pm, Figure
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5.9h). This difference arises from tiling and ordering the BBUs in more than one
dimension, and will become even more important in three dimensions. From these
simple one and two dimensional systems, it is clear that in three dimensions the
“color” (i.e., chemistry, Figure 5.9a-c), “shape” (i.e., distortions, Figure 5.9d-f), and
“arrangement” (i.e., cation ordering, Figure 5.9g-h) of the polyhedral units must be
synergistically combined to macroscopically lift inversion symmetry in a crystal.
5.2.2 Extension to Crystalline Perovskites
I now extend these observations and simple principles to crystalline three dimen-
sional materials. Specifically, I focus on how to remove centers of inversion rather
than 2-fold rotation axes. I apply these principles to the perovskites, a vast family
that exhibits a range of chemistries and a rich variety of physical properties.31,332–335
The prototypical member has the general chemical formula ABX3, where A and B
are metal cations and X is an anion; although the majority of these materials are
oxides (where X=O), there are a wide variety of other types of perovskites, including
halides (X=F, Cl, Br, or I),91–94 sulfides (X=S),95,96 and nitrides (X=N).97 Multian-
ion chemistries are also possible.98–100
As described in Chapter 3, the crystal structure is constructed from face-sharing
AX12 cuboctahedra and corner-sharing BX6 octahedra repeated in space (Figure
3.1b), where the anions are shared among polyhedra. Undistorted cubic ABX3 per-
ovskites with the Pm3¯m space group (no. 221) have inversion centers located within
each centric AX12 polyhedra as the A-site cation is found at the 1b Wyckoff position
(1
2
, 1
2
, 1
2
) with site symmetry m3¯m. The octahedra are also centric BBUs with the B-
site cation at the 1a position (0, 0, 0) with site symmetry m3¯m. In addition, there are
inversion centers located ‘between’ polyhedra, i.e. similar to the uncolored squares
of Figure 5.9d, as the anions which are shared by the BBUs are located at site 3d
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(1
2
, 0, 0) with symmetry ( 4
m
m.m).
The question is now: How can I transform this centrosymmetric Pm3¯m structure
into a crystal without inversion symmetry by tiling nominally centric polyhedra? As
was outlined in Figure 5.9, this requires (1) changing the shape of the basic building
units and/or (2) “coloring” the polyhedra.
5.2.3 Distorting Basic Building Units Through Octahedral Rotations
Cooperative displacements of the anions are common in perovskites and manifest
as nearly rigid “rotations” of the BX6 network, the magnitude of which directly
influences the properties of the material.336–339 To achieve step (1), I first examine
how these displacements lead to changes in the shapes of the BBUs. Because the
anions are shared by the two main BBUs in the perovskite structure, I describe the
changes to the AX12 units as arising indirectly from the various combinations of
BX6 octahedral rotation patterns. (Note that these are also referred to as octahedral
tilts in the literature.) The consequence of the nearly rigid BX6 rotations is that
the environment around the A-site will be distorted such that the polyhedron is no
longer centric, thus removing the inversion center in the AX12 BBUs. As discussed
in Chapter 3, the octahedra can either remain unrotated (as in Figure 5.10a), rotate
in-phase (Figure 5.10b), or rotate out-of-phase (Figure 5.10c) along each Cartesian
axis.
There are 15 distinct combinations of rotations about the various axes that retain
the corner-connectivity and rigidity of the BX6 octahedral network in simple per-
ovskites. Each of these patterns produces a different space group (Table 5.1) and are
divided based on whether the tilt pattern exhibits no rotations, only in-phase rota-
tions, only out-of-phase rotations, or a combination of in-phase and/or out-of-phase
rotations (“mixed”). The application of these different patterns can locally alter or
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Figure 5.10: Cooperative oxygen displacements can manifest in (a) in-phase or (b)
out-of-phase rotations of the extended BX6 octahedral network.
shift the centers of inversion by distorting the AX12 polyhedra since they share the
X anions with the BX6 octahedra. As shown in Table 5.2, the A-X polyhedra cre-
ated by an in-phase rotation pattern (e.g., a0a0c+) are centric rectangular prisms;
regardless of how the cations are ordered, in-phase octahedral rotations preserve the
inversion centers at the A-site. However, an out-of-phase or mixed rotational pat-
tern is sufficient to generate acentric AXn building units, which take forms similar
to elongated square pyramids. As seen in Table 5.1, the A-site symmetry no longer
possesses inversion for these types of rotation patterns.
Nonetheless, there are no non-centrosymmetric space groups in Table 5.1 despite
the fact that I have shown it is possible to generate acentric BBUs. This is because the
scenario now resembles that shown in Figure 5.9g; although there are acentric units,
they are tiled in space in such a way so as to retain the inversion centers between
them. In order to remove this remaining inversion center on the B-site, I turn to task
(2) and make the BBUs unique by “coloring” the cation sublattice in the perovskite
structure through ordered cation substitution.
84
Table 5.1: The 15 distinct BX6 rotational pattern can be divided into groups based
on whether the pattern contains no rotations (1 variant), in-phase rotations only
(4 variants), out-of-phase rotations only (6 variants), or a mixture of in-phase and
out-of-phase rotations (4 variants). Each produces a different centrosymmetric space
group for the ABX3 perovskite structure. Although none of the octahedral rotation
patterns globally lift inversion, they are able to locally alter the point symmetry of
the A-site and B-site cation.
Glazer Space A-Site B-Site
Pattern Notation Group Sym. Sym.
None a0a0a0 Pm3¯m (221) m3¯m m3¯m
In-phase a0a0c+ P4/mbm (127) m.mm 4
m
..
a0b+b+ I4/mmm (139) mmm. .. 2
m
4
m
mm .. 2
m
a+a+a+ Im3¯ (204) m3¯. .3¯.
mmm.. .3¯.
a+b+c+ Immm (71) mmm 1¯
Out-of-phase a0a0c− I4/mcm (140) 4¯2m 4
m
..
a0b−b− Imma (74) mm2 2
m
..
a−a−a− R3¯c (167) 32 3¯.
a0b−c− C2/m (12) m 1¯
a−b−b− C2/c (15) 2 1¯
a−b−c− P 1¯ (2) 1 1¯
Mixed a0b+c− Cmcm (63) mm2 1¯
a−a−c+ Pnma (62) .m. 1¯
a+b−c− P21/n (11) m 1¯
a+a+c− P42/nmc (37) 4¯2m 1¯
2mm.
5.2.4 Lattice Coloring through Cation Order
I now explore the consequence of the combination of A-site, B-site, and mixed
A- and B-site ordering with the 15 distinct rotational patterns from Table 5.1 to
determine the crystal-chemistry features required to produce non-centrosymmetric
perovskites. Each of the ordering types I consider here were discussed in Chapter
3 and summarized in Figure 3.3. Layered ordering of different A and A′ cations
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Table 5.2: Different BX6 octahedral rotations distort the AX12 environments in per-
ovskites in unqiue ways. In-phase rotations lead to centric polyhedra, while out-of-
phase and mixed rotations lead to acentric polyhedra.
Rotations Present Example Symmetry Polyhedra
None a0a0a0 Centric
In-phase only a0a0c+ Centric
Out-of-phase only a0b−b− Acentric
Mixed a−a−c+ Acentric
in a cubic perovskite, for example, locally breaks spatial parity on the B-site by
reducing the point symmetry of the Wyckoff position from m3¯m to 4mm (but retains
a centrosymmetric A-site point group of 4
m
mm). Combining this with an appropriate
octahedral rotation pattern that produces an acentric A-site environment (Table 5.1)
then globally breaks inversion symmetry in the crystal.
A-site Cation Ordering
I first consider replacing half of the A-site cations in an ABX3 perovskite with
chemically distinctA′ cations; this is the same as creating an orderedA0.5A′0.5BX3 per-
ovskite [equivalently (AA′)B2X6 compound or an ultrashort period (ABX3)1/(A′BX3)1
superlattice]. Chemical substitution of the A-sites is equivalent to coloring the basic
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building units as in Figure 5.9d, while ordering the different cations in the lattice
has a similar effect as in Figure 5.9g and 5.9h. The three simple A cation order-
ing schemes I examine consist of alternating the A and A′ cations along the [001],
[110], and [111] crystallographic directions (these ordering schemes were discussed in
Chapter 3 and shown in Figure 3.3a, 3.3b, and 3.3c, respectively). For simplicity, I
differentiate these compounds by using the following labels, with symmetries specified
for the ideal undistorted structures:
[001] : Layered, P4/mmm
[110] : Columnar, P4/mmm
[111] : Rock salt, Fm3¯m
An analysis of how each of the 15 rotational patterns distort the A-site environments
in these three cation arrangements establishes general rules for designing perovskite
compounds without inversion symmetry.
Although some of the A-X BBUs in Table 5.2 are acentric, their relative tiling on
the lattice needs to be examined for each ordering scheme. Consider as an example a
perovskite with out-of-phase BX6 rotations about two axes, a
0b−b−. If the A and A′
cations are ordered along [001], each BBU is matched by a corresponding unit that is
anti-aligned, preserving inversion symmetry in the material (Figure 5.11a). Ordering
along the [111] direction, on the other hand, fully lifts spatial parity owing to the fact
that this new cation arrangement provides a cooperative alignment of the acentric
units (Figure 5.11b). The alignment or anti-alignment of these distorted A-X polyhe-
dra, which derive from the BX6 rotations, is due solely to the effect of cation ordering,
directly analogous to the BBU coloring in the two dimensional system (Figure 5.9g
and 5.9h). However, all inversion centers are lifted in the layered superlattice if both
in-phase and out-of-phase rotations are present,20 as the asymmetry of the A-site unit
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produced (Table 5.2) is sufficient to break inversion regardless of alignment. Finally,
there is no combination of BX6 octahedral rotations and [110]-ordering which lifts
inversion symmetry, owing to the fact that the BBUs in one chemical homogenous
column are always anti-aligned with those in a different one.
I then systematically combined [001], [110], and [111] ordering with the 15 different
Glazer rotation patterns of Table 5.1. However, the kind of ordering present must also
be taken into account in addition to the direction of the ordering. This means that
although alternation of A and A′ along the [001]-direction is considered “layered,” it
is also possible to have layered ordering along [100] or [010]. This can have a direct
effect on inversion symmetry in the crystal structure; it may or may not be present
depending on how the cation ordering and the rotational pattern are arranged relative
to each other. For example, applying the a−a−c+ tilt pattern to a layered (AA′)B2X6
superlattice results in a polar space group (Pmc21) only if the direction of the layers
is perpendicular to the direction of in-phase rotations. Layering orthogonal to any
other crystallographic axis results in a centrosymmetric P21/m space group. Taking
this caveat into consideration for the [001]- and [110]-ordered structure results in a
total of 105 possible combinations of ordering and rotation patterns.
The resulting space groups from each of these combinations is summarized in a
heat map (Figure 5.12), with the combination of one ordering type and one rotational
pattern shown in a large box (an example is highlighted in blue). This intersection is
then divided into four smaller sections, which are colored orange if a given combination
produces a centrosymmetric (CS), polar (P), enantiomorphic (E), or second harmonic
(SH) active crystal class. The number within a box denotes how many unique space
groups are produced by that combination (note that a single space group may span
more than one of these categories). As an illustrative example, consider layered A-
sites (along the [001], [010], and [100] directions) in addition to an a−a−a− rotational
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Figure 5.11: The (a) layered and (b) rock salt A-site cation ordering schemes when
combined with an out-of-phase only a0b−b− BX6 octahedral rotation pattern result
in different orientations of the acentric BBUs. Only A-X polyhedra are shown for
clarity; A′-X polyhedra are not shown, but order in a similar manner. The fact that
the A-X polyhedra are cooperatively aligned in the rock salt structure leads to a loss
of inversion symmetry.
pattern; this combination only results in one distinct centrosymmetric space group
(R3¯c), despite the fact that this combination represents three crystal structures. If
layered A-sites are combined with the a+a+c− pattern, on the other hand, the three
crystal structures produced exhibit two distinct space groups, one which is second
harmonic active (P 4¯2m) and one classified as both polar and second harmonic active
(Pmm2).
A further examination of the phase space shown in Figure 5.12 reveals that this
systematic investigation of ordering and rotations is consistent with the analysis of
the A-site environment distortions (Table 5.2). To summarize: (1) no octahedral
rotation patterns can remove inversion symmetry in columnar ordered structures, (2)
mixed rotation patterns can lift inversion symmetry in layered ordered structures,
and (3) both out-of-phase and mixed rotation patterns can break inversion symmetry
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CS – centrosymmetric
P – polar
E – enantiomorphic
SH – second harmonic
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Figure 5.12: Summary of space groups produced when A-, B-, and mixed A- and
B-cation order along various directions are combined with the 15 Glazer rotation
patterns. Each combination results in a different frequency of occurrence in cen-
trosymmetric (CS), polar (P), enantiomorphic (E), and second harmonic (SH) active
structures. The numbers within each box represent the number of distinct space
groups of a given type produced by an ordering–rotation combination.
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in rock salt ordered structures; these are analogous to the steps taken to remove
2-fold rotation axes in two dimensional systems presented in the previous sections.
Furthermore, this analysis is consistent with previous theoretical results on A-site
ordered perovskites. For example, it has been shown that an a−a−c+ rotational
pattern can break inversion symmetry in layered and rock salt ordered compounds,
but not in columnar ordered.20,21,340 Additionally, a0b−b− and a−a−a− tilt patterns
have been shown to lift inversion symmetry in rock salt ordered compounds, but not
layered or columnar.291
B-site Cation Ordering
I next ordered the B-site cations in the same three configurations (Figure 3.3d-f)
to produce 105 A2(BB
′)X6 superlattices. Although the cubic aristotype structures
exhibit the same space groups reported in the previous section, no combination of
any octahedral rotation pattern with these simple B-site ordering produces a polar
space group (middle section, Figure 5.12). While combining octahedral rotation pat-
terns and A-site ordering breaks two different inversion centers in the crystal (i.e.
those within and between A-X BBUs, respectively), rotations and B-site ordering
both break the same inversion center (those between the polyhedra). Despite ap-
pearing as a “negative result,” this analysis will become useful in the next section,
in which A and B cations are ordered simultaneously. Furthermore, B-site cation
ordering is significantly more common than A-site, with each of the [001]-, [111]-,
and [110]-B-site ordered compounds having been realized experimentally in a wide
variety of materials;341–344 this understanding of how B-site ordering affects the sym-
metry of perovskites is therefore helpful in the quest for discovery of new polar double
perovskites.
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Combined A-site and B-site Cation Ordering
Finally, I examine (AA′)(BB′)X6 structures with combinations of [001]-, [111]-,
and [110]-ordering. I first investigate the combination of like orderings; that is, com-
pounds exhibiting layered A- with layered B-sites, rock salt ordered A- with rock salt
ordered B-sites, and columnar ordered A- with columnar ordered B-sites. In this
case, not only can the A/A′- and B/B′-site layers and columns be ordered perpendic-
ular to each crystallographic axis, but they can also be aligned perpendicular to each
other. Therefore, for each combination of layered and columnar cation ordering and
a single octahedral rotation pattern, there are nine possible permutations of A and B
cation arrangements. Furthermore, because A-site cations prefer to order in a layered
fashion and B-site cations prefer to order in a rock salt fashion,116 I also examined
structures exhibiting this type of mixed ordering; this is the most common type of
ordering seen in experimentally synthesized (AA′)(BB′)O6 compounds.345–348 The
combination of each like-ordered compound with the 15 rotational patterns allows for
285 distinct (AA′)(BB′)X6 structures. Adding the additional 45 structures resulting
from layered A-sites and rock salt B-sites results in a total of 330 combinations, which
are summarized in the bottom portion of Figure 5.12.
Every octahedral rotation pattern, when combined with either the double lay-
ered or double rock salt ordering scheme, produces at least one non-centrosymmetric
perovskite structure owing to the fact that the ordering of the A- and B-sites alone
cooperatively lifts the inversion centers within and between BBUs in the crystal struc-
ture. Furthermore, as with A-site only cation ordering, every combination of double
columnar ordering and octahedral rotations resulted in a nonpolar space group; it
is therefore clear that ordering along the [110]-direction is not a worthwhile route
to producing polar compounds. A surprising result, however, is that in-phase rota-
tions are able to lift inversion with the layered A/rock salt B type of ordering, while
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the out-of-phase rotation patterns result in entirely centrosymmetric structures; this
is in contrast to the A-site ordering, which displays the opposite phenomenon. Al-
though this may seems counterintuitive, breaking down how each type of ordering
lifts inversion gives a more clear indication of what is happening.
First, recall that combining layered A-sites with patterns containing only in-phase
or out-of-phase rotations can never break inversion for the reasons mentioned previ-
ously; that is, patterns with purely in-phase rotations only produce centric A- and
A′-site BBUs. Consider, for example, the cubic A-X environment produced by the
a0a0c+ tilt pattern in an (AA′)B2X6 compound; these A- and A′-site units are located
at Wyckoff positions 2c and 2d, both with point symmetry m.mm. However, the fact
that this rotation pattern exhibits a handedness means that it fully lifts inversion
within the B-site octahedral BBUs (at Wyckoff position 4e, with point symmetry 4..)
in such a compound. Rock salt ordering of the B-sites reduces the point symmetry of
the A- and A′-site Wyckoff positions to 2.22, producing a chiral P4212 (AA′)(BB′)X6
structure. On the other hand, the out-of-phase BX6 rotations making up the a
0a0c−
tilt pattern split the Wyckoff position of the B-site in the (AA′)B2X6 crystal struc-
ture; one sits at 2b with centrosymmetric point symmetry 4¯.. while one sits at 2c
with 4.. symmetry (the same is true of the A- and A′-site, which sit at 2a [4¯..] and
2c). In this case, rock salt ordering of the B-sites results in no change of the cation
site symmetries. This is an interesting example resulting from the fact that in-phase
rotations display a handedness (winding sense) while out-of-phase rotations do not.
Finally, I point out that each of the non-centrosymmetric structures produced by this
cation ordering scheme forms in the second harmonic active and chiral classes (i.e.,
they have no unique anisotropic axis, and so are not polar). Because this type of
ordering is the most conducive to experimental growth, this result could lead to the
generation of new nonpolar chiral perovskites if in-phase only rotational patterns can
93
be stabilized, a relatively rare type of structure.
5.2.5 Chemical Considerations for Non-centrosymmetric Perovskites
So far I have described how different cooperative anion displacements (manifest-
ing as rotations of the BX6 octahedral BBUs) and cation ordering remove symmetry
operations from the perovskite crystal structure with no mention of the chemical
makeup. Although the previous section outlines design rules and structural crite-
ria for lifting inversion in an ABX3-type lattice, designing a real material requires
consideration of several other factors such as cation size and valence differences. Of
particular importance to perovskites are the octahedral rotations and understanding
how the selection of specific chemistries modifies the tendencies to these distortions.
To lift inversion using cation ordering, it is sufficient to simply ensure that the A and
A′ (and/or the B and B′) atoms are chemically distinct and that there is a driving
force for ordering; achieving the desired octahedral tilt pattern, however, is a more
difficult task. Although there are 15 tilt patterns that maintain corner-connectivity,
in practice only a few of them are exhibited in nature.103 In this section, I discuss
several chemical factors behind octahedral rotation preferences in perovskites.
One of the most common descriptors used to parameterize the crystal-chemistry
of perovskites is the Goldschmidt tolerance factor (τ),108 which is a measure of how
well the A-site cations fit inside the BX6 octahedral network. I discussed this met-
ric in detail in Chapter 3, and it is given by Equation 3.1. Although the tolerance
factor is a simple way to evaluate the stability of a given potential perovskite chem-
istry and to infer whether it will exhibit octahedral rotations, prediction of the type
of rotation pattern is much more difficult;349–353 furthermore, the value of τ below
which octahedral rotations appear is not exact and differs greatly across the per-
ovskite family. Typically, one would expect an ordered artificial superlattice of two
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different ABX3 perovskites to exhibit some combination of the octahedral rotation
pattern exhibited by the bulk phases,121,122,338,354,355 allowing for the selection of
different chemistries based upon the part of the phase space of Figure 5.12 one is
trying to access. For example, octahedral rotation patterns with only out-of-phase
rotations occur commonly in the perovskite aluminates, such as CeAlO3 (a
0a0c−),
PrAlO3 (a
0b−b−), LaAlO3 (a−a−a−), and NdAlO3 (a−a−a−).356–359 Indeed, previous
work has shown that both solid solutions (made experimentally)360,361 and ordered
heterostructures (investigated using DFT) of these compounds exhibit only out-of-
phase rotations.291 As another example, consider the a0a0c+ tilt pattern; although
this never occurs in perovskite oxides under standard conditions, it is fairly common
in the halides, with CsSnI3, CsSnBr3, CsDyBr3, RbSnBr3, and CsPbBr3 all exhibit-
ing this phase.362–366 However, while these chemical heuristics are useful for making
simple predictions with commonly exhibited tilt patterns, they are of limited help if
one is interested in accessing new phases that do not have bulk analogues, such as
the a0a0c+ tilt pattern in oxides. Furthermore, investigations of this sort have so far
been primarily focused on layered heterostructures, such as (PbTiO3)m/(SrTiO3)n
29
(for a more complete review, see Ref. 22); however, as this work shows, expanding to
different types of cation arrangements drastically increases the number of potential
non-centrosymmetric compounds.
To compare the stability of various tilt patterns to one another, independent of
whether they are exhibited in nature, I turn to the global instability index (GII),114
given by:
GII =
√√√√ 1
N
N∑
i=1
d2i , (5.1)
where N is the number of atoms in the asymmetric unit. Here, di is known as the
“discrepancy factor” and is the difference between the formal oxidation state of an
atom and its computed bond valence sum. The closer an atom is to its ideal valence,
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the smaller di will be, and GII will be minimized; thus, the smaller the value of GII,
the more stable a structure is predicted to be. Previous work has shown that the
ground state crystal structure of an ABX3 compound typically has a GII<0.1 and
nearly always less than 0.2.115
To evaluate the GII, I utilized the computer program SPuDS (Structure Prediction
Diagnostic Software) developed by Lufaso and Woodward, who used it to study the
stability of a wide variety of tilt patterns in perovskites.103 By investigating a variety
of hypothetical compounds, they showed how this descriptor can be used to predict
materials exhibiting rare tilt patterns, such as a0b+b+ and a0b+c−. In this work, I
computed the GII of 137 distinct ABO3 perovskite oxides in each of 11 tilt patterns
(Figure 5.13). These compounds are separated by the element present on the A- and
B-site with the magnitude of the GII given by a gradient heat map; the lighter the
color, the lower the GII, and the more stable a given octahedral rotation pattern is
predicted to be for that perovskite chemistry.
As an example of using this information to search for chemistries capable of access-
ing new parts of the phase space from Figure 5.12, I look for a perovskite oxide which
has a tendency towards the a0a0c+ tilt pattern. I found that perovskites containing
Ir on the B-site exhibited the smallest average GII for the a0a0c+ tilt pattern, while
those with B = Ru showed the second smallest. Based on this, I selected CaIrO3,
SrIrO3, CaRuO3, and SrRuO3 for further study and computed the GII for each of
these compounds (Table 5.3). In all four cases, the GII of the a−a−c+ structure
was orders of magnitude lower than the a0a0c+ phase, indicating a much more stable
structure; indeed, each of these compounds displays the orthorhombic Pnma phase
in their ground state (although perovskite CaIrO3 is metastable as it thermodynam-
ically adopts a post-perovskite Cmcm phase).367–369 I next computed the stability
of the two tilt patterns in layered (CaSr)Ir2O6 and (CaSr)Ru2O6 superlattices using
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Figure 5.13: The global instability index (GII) of 137 ABO3 perovskite oxides. The
GII of a distinct chemistry in each of 11 octahedral rotation patterns is given by the
heat map located at the intersection of a particular A- and B-site cation. Lighter
colors indicate a lower GII, and thus a more stable rotation pattern.
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Table 5.3: The global instability index (GII) of four bulk ABO3 perovskites and
two layered (AA′)B2O6 superlattices with an a0a0c+ and a−a−c+ tilt pattern. The
energy difference between the two phases for each compound (∆E, in units of meV
per formula unit) was computed using DFT.
Compound GII, a0a0c+ GII, a−a−c+ ∆E (meV/f.u.)
P4/mbm Pnma or Pmc21
CaIrO3 0.0624 0.0073 608.6
SrIrO3 0.0285 0.0001 245.6
(CaSr)Ir2O6 0.0829 0.0779 277.6
CaRuO3 0.0529 0.0036 400.6
SrRuO3 0.0101 0.0001 156.6
(CaSr)Ru2O6 0.0791 0.0779 190.9
SPuDS. While the GII of the a0a0c+ tilt pattern is not smaller than that of a−a−c+ in
either of the superlattices, the two values are much closer in the superlattice than in
the bulk phases. These values suggest a greater feasibility for the tilts to be stabilized
in the cation ordered variants.
To test these predictions, I performed DFT43 calculations using the Vienna Ab ini-
tio Simulation Package (VASP)79,80 with projector augmented wave (PAW) pseudopo-
tentials63 and the PBEsol functional.54 I used a 5×5×7 and a 7×5×7 Monkhorst-Pack
mesh60 for the a0a0c+ and a−a−c+ tilt pattern, respectively, and a 650 eV plane-wave
cutoff. Finally, I imposed a ferromagnetic ordering of the Ru atoms in SrRuO3 and
(CaSr)Ru2O6, in accordance with their known magnetic properties (CaRuO3 is para-
magnetic).368,370,371 To compare the energetics of the different tilt patterns, I next
followed the approach outlined in Ref. 290 by enforcing an a0a0c+ and a−a−c+ tilt
pattern in each of the six compounds and fully relaxing the lattice parameters and
internal atomic positions.
In CaIrO3 and CaRuO3, where there is a large difference in the GII of the a
0a0c+
and a−a−c+ phase, the orthorhombic Pnma phase (or Pmc21 for ordered compounds)
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is much more energetically stable (the energy difference between the two phases for
each compound is given as ∆E in Table 5.3). When Ca is replaced with Sr, the GII
of the two structures become much closer and the energy between them decreases
significantly. Finally, when the Ca- and Sr-based compounds are combined into an
[001]-ordered superlattice, the GII becomes nearly the same for both tilt patterns.
However, their relative energy differences do not decrease; rather, the values are
marginally larger than that found for the Sr bulk compounds. These calculations
reveal that although the GII is a useful qualitative metric for a structure to favor a
given tilt pattern (i.e., it predicts the greater stabilization of the a0a0c+ tilt pattern in
SrIrO3 and SrRuO3 over CaIrO3 and CaRuO3), using it alone as an absolute predictor
for phase stability could be misleading.
Finally, I note that while using this type of design strategy to select a chemistry
for an ordered compound may induce the desired tilt pattern, there is no guarantee
that the cations will order or the material will remain insulating (a prerequisite for
many dielectric applications). In bulk perovskite oxides, the structural and chemical
factors required for the stabilization of various ordering patterns are well known.116
B-site ordering is much more common than A-site ordering in perovskites; it requires
a large difference in oxidation state between B and B′ (> 2) and typically orders in
the rock salt pattern, which provides the maximum separation between the highly
charged cations. For A-sites, a size differential is the stabilizing factor; here, the
layered ordering is the most common as it is preferred given an A and A′ size mis-
match. Additionally, layered A-site ordering is stabilized by rock salt B-site ordering,
making this combination extremely common in double perovskites. Recent advances
in kinetically controlled growth techniques such as molecular beam epitaxy,33,34 how-
ever, have opened the door towards more purposeful cation ordering; various types
of ordering can be induced simply by growth on an [001]-, [110]-, or [111]-oriented
99
substrate. By combining an understanding of the chemical factors stabilizing various
octahedral tilt patterns and ways to induce A- or B-site cation ordering, it is my
hope that a wide variety of new non-centrosymmetric perovskite materials can be
synthesized and investigated. This will be the focus of the remaining chapters of this
thesis.
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6. DESIGN AND INVESTIGATION OF NEW FERROELECTRIC
MATERIALS
In this chapter, I show how the chemistry-independent models for inversion sym-
metry breaking put forth in the previous chapter can be applied for the intelligent
design of new ferroelectric and piezoelectric materials. As discussed in the previous
chapters, earlier efforts on A-site ordered double perovskites of the form (AA′)B2O6
established some design guidelines for the flavors of octahedral rotations288 that can
produce large electric polarizations and small ferroelectric switching barriers when
the A and A′ cations alternate along the [001]-direction.287 The [001] ordered ar-
rangement is particularly attractive because (i) it is the one most conducive to
layer-by-layer growth methods of artificial oxides,372 since the geometry is equiva-
lent to an ultra-short period perovskite superlattice, i.e. (ABO3)/(A
′BO3), and (ii)
the frequently observed orthorhombic a−a−c+ rotation pattern fulfills the necessary
symmetry and energetic criteria outlined to produce this type of rotation-induced
ferroelectricity. Owing to the directional control of cation order through advanced
solid-state synthetic chemistry methods116,373 and the accessibility of perovskite sub-
strates with [110] and [111] surface terminations, these previous observations lead to
the main questions of this chapter: How do the alternative cation ordering schemes
and octahedral rotation patterns capable of lifting inversion symmetry identified in
Chapter 3 affect the structure and properties, and can they be harnessed to create
new non-centrosymmetric materials?
To answer this, I performed three different computational studies on ferroelectric
perovskite oxides, which span several different areas of the phase space summarized
in Figure 5.12. First, I consider A-site ordering only, combined with three cation
ordering schemes and a mixed a−a−c+ tilt pattern, allowing for the disentanglement
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of the influence of cation ordering while holding the rotation pattern constant. Second,
I look at one A-site cation ordering scheme, but two out-of-plane only tilt patterns
(a0b−b− and a−a−a−) and investigate the effect of changing the octahedral rotation
pattern. Finally, I combine both layered A-site and rock salt B-site ordering and
a mixed a−a−c+ tilt pattern and examine the effect of chemical substitution on the
ferroelectric properties. These results, published as Refs. 21, 291 and 348, show
how the simple crystallographic and chemical models of the previous chapter can be
harnessed to design a wide variety of new materials.
6.1 Computational Methods
All investigations were performed by employing density functional theory43 using
projector augmented-wave potentials63 within PBEsol54 as implemented in the Vi-
enna ab-initio Simulation Package (VASP).79,80 For the gallate, zirconate, and hafnate
bulk compounds, I fully relaxed the lattice parameters and internal atomic posi-
tions of the known Pnma ground state (a−a−c+ Glazer tilt pattern) using a 7×7×7
Monkhorst-Pack k-point mesh and a 600 eV plane wave cutoff. The valence electron
configurations used were as follows: 5s25p65d16s2 for La, 5s25p64f 16s2 for Nd, 3p64s2
for Ca, 4s24p65s2 for Sr, 4s24p1 for Ga, 5s24d2 for Zr, 5p36s1 for Hf, and 2s22p4 for
O. I next assembled nine superlattices from these bulk compounds. To ensure the
correct ground state, I first computed the force constants of each superlattice us-
ing density functional perturbation theory77 with a plane-wave cutoff of 800 eV; from
this, the post-processing tool phonopy374 was used to generate the phonon band struc-
tures. I then used linear combinations of the unstable modes found to add atomic
displacements, resulting in 15 candidate structures for each ordered superlattice. I
then performed a full relaxation using a plane-wave cutoff of 550 eV and a 5×5×5
Monkhorst-Pack k-point mesh, including the lattice and atomic degrees of freedom,
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on each to determine the ground state. The total polarization was then calculated
using the Berry phase method153,155 as implemented in VASP.
The same procedure was then followed for the aluminate compounds. A plane-
wave cutoff of 550 eV and a 5×5×5 Monkhorst-Pack mesh60 were used during the
structural relaxations. The valence electron configurations used were as follows:
5s25p65d16s2 for La, 5s25p64f 16s2 for Nd, 5s25p66s25d1 for Pr, 5s25p65d16s2 for Ce,
3s23p1 for Al, and 2s22p4 for O. I note here that DFT calculations on Ce-based
compounds often treat the 4f electron explicitly, while also including a Hubbard U
correction of 6-10 eV on those states. Here I specifically chose a Ce PAW which does
not include the 4f states, instead placing these electrons in the core to eliminate the
need for any adjustable U parameters in the calculations. The piezoelectric, elastic,
and Born effective charge tensors of the aluminates were computed within density
functional perturbation theory375,376 using an increased 800 eV plane wave cutoff.
For the double perovskites, all nine compounds were initially fixed to the ex-
perimentally determined (NaLa)(MnW)O6 P21 structure, followed by a relaxation
of the lattice parameters and internal atomic positions. A plane-wave cutoff of 550
eV and a 2×4×1 Monkhorst-Pack mesh was used during the structural relaxations.
The valence electron configurations used were as follows: 3s1 for Na, 3s23p64s1 for
K, 4s24p65s1 for Rb, 5s25p65d16s2 for La, 5s25p64f 16s2 for Nd, 4s24p64d25s1 for Y,
3p64s1 for Mn, 5d54s1 for W, and 2s22p4 for O. I applied a Hubbard U correction of 4
eV using the Dudarev formalism81 to treat the correlated Mn 3d states, as well as an
antiferromagnetic collinear spin ordering. The electric polarizations were, as before,
computed using the Berry phase method.
All mode decompositions were performed using the ISODISTORT tool of the
ISOTROPY software suite,82 while graphical rendering of the crystal structures was
performed using VESTA.83
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6.2 Effect of Cation Ordering on Ferroelectric Properties
6.2.1 Ground State Structures and Energetics
To address one of the main questions of this chapter and illustrate the design
process for realizing new polar oxides based on coupling cation order and octahe-
dral rotations, I first investigated [001]-, [111]-, and [110]-type A-site ordering within
an orthorhombic a−a−c+ tilt pattern. I first determined the ground state crystal
structures of six non-polar perovskite dielectrics (which were selected because they
are band insulators and never exhibit polar ground states) from which I will create
the ordered double perovskites: LaGaO3, NdGaO3, SrZrO3, CaZrO3, SrHfO3, and
CaHfO3. Each adopts the a
−a−c+ mixed-tilt system (space group Pnma) previously
determined288 necessary for the octahedral rotations to break inversion symmetry in
the presence of [001] A cation order. The magnitude of out-of-phase a−a−b0 (θxy) and
in-phase a0a0c+ (θz) tilting each compound exhibits are summarized in Table 6.11 as
defined in Ref. 36. Consistent with the available experimental results for the gal-
lates,377,378 these structures exhibit sizable displacements (δxy) of the A cations from
their high symmetry positions in the xy-plane with Nd more so than La due to its
smaller size as reflected by its smaller tolerance factor (τ).108 The same is true in the
zirconates and hafnates with Ca displacing more than Sr. These features are critical
to rotation-induced ferroelectrics because, as discussed in Chapter 5, the spontaneous
polarization largely arises from the non-zero canceling of AO layer dipoles.287
I next used these bulk perovskites as components to assemble ordered double per-
ovskites with continuous B cation sublattices as (LaNd)Ga2O6, (SrCa)Zr2O6, and
(SrCa)Hf2O6. The A cation ordering is taken along the [001], [111], or [110] crystal-
lographic directions (relative to the pseudocubic perovskite directions) as discussed
in Chapter 3 (Figure 3.3a, b, c) without changing the composition.
The lowest energy ground state structures are obtained using density functional
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Table 6.1: Summary of calculated structural parameters for the orthorhombically dis-
torted perovskites. The tolerance factor (τ) is calculated using bond lengths obtained
from the bond valence model.103 Tilt and rotation angles are defined following the
convention given in Ref. 36. δxy is a measure of the planar A cation displacements
relative to the aristotype cubic perovskite.
Bulk phase τ θxy (deg.) θz (deg.) δxy(A˚)
LaGaO3 0.956 12.6 6.96 0.168
NdGaO3 0.936 15.5 10.3 0.299
SrZrO3 0.942 13.4 8.59 0.207
CaZrO3 0.891 18.9 11.3 0.317
SrHfO3 0.949 11.7 7.15 0.157
CaHfO3 0.897 17.4 10.7 0.289
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of unstable modes. (c) Ground state (lowest energy) structure of (LaNd)Ga2O6.
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calculations with the PBEsol exchange-correlation functional through a symmetry-
restricted soft-phonon search (cf. Computational Methods, Section 6.1). An example
of this technique as applied to (LaNd)Ga2O6 is shown in Figure 6.1. Unstable modes
in the phonon band structure (Figure 6.1a) are combined, and the total energy of
that configuration is compared to all others normalized to the number of formula
units (meV/f.u., Figure 6.1b); the lowest energy structure is taken to be the ground
state (Figure 6.1c). The ground state crystal structures for all nine superlattices are
tabulated in Appendix A, Tables A.1 to A.9. For all compositions explored, the space
groups adopted by the layered, rock salt, and columnar orderings are the polar Pmc21
(space group no. 26) and Pmn21 (31), and non-polar P21/m (11), respectively. Each
structure contains A cation displacements within the xy-plane and the a−a−c+ BO6
tilt pattern, consistent with the preferred bulk tilt patterns. The low symmetry phases
also show substantial energy gains relative to the high-symmetry configurations (Table
6.2), largely from the octahedral rotations.
A group theoretical analysis82 of the atomic displacements in terms of symmetry-
modes involved in the structural transition (referenced relative to a disordered A
cation (5-atom) cubic perovskite287) reveals three main modes are present in the
ground state structure: M+3 (describing in-phase rotations), R
+
4 (out-of-phase ro-
tations), and X+5 (anti-polar A-site displacements). There is a small secondary,
symmetry-allowed distortion for the polar structures (Γ−4 ), which lifts inversion sym-
metry and produces the ionic contribution to the electric polarizations described later
(Table S4). Note that the presence of layered or rock salt cation order and the su-
perposition of M+3 ⊕R+4 , which describes the a−a−c+ tilt system, are sufficient to lift
inversion symmetry in the absence of any polar atomic displacements.
In all configurations, the M+3 and R
+
4 modes describing the octahedral rotations
significantly lower the energy relative to the high-symmetry paraelectric structure,
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Figure 6.2: The calculated two-dimensional energy surface contours for the
(AA′)B2O6 perovskites with respect to the amplitude of the out-of-phase (abscissa)
and in-phase (ordinate) rotation angles. For all compositions, the layered and rock
salt ordering have energy minima located at non-zero values of the a0a0c+ and a−a−c0
tilt patterns, indicating the microscopic driving force for inversion symmetry breaking
originates from the octahedral rotations.
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Table 6.2: Summary of atomic and electronic ground state properties of the ordered
(AA′)B2O6 perovskites. The energy stability (∆E0) is given relative to the fully
relaxed high-symmetry reference phase without octahedral distortions. ∆ER gives the
relative energy difference for the ground state structures within a single composition.
Positive values indicate higher energy configurations; energy differences are given in
units of meV/f.u. The ‘—’ indicates the polarization P is required to be zero by
symmetry.
Structure Ordering S.G. ∆E0 ∆ER P (µC/cm
2)
(LaNd)Ga2O6 Layered Pmc21 -498.0 0.839 5.22
Rock Salt Pmn21 -951.7 0 1.78
Columnar P21/m -939.3 6.708 —
(SrCa)Zr2O6 Layered Pmc21 -1306 6.118 3.61
Rock Salt Pmn21 -1364 0 2.84
Columnar P21/m -1301 17.05 —
(SrCa)Hf2O6 Layered Pmc21 -983.0 9.419 3.09
Rock Salt Pmn21 -1025 0 2.29
Columnar P21/m -1002 19.14 —
e.g., in rock salt (LaNd)Ga2O6 the gains are 394 meV/f.u. for M
+
3 and 761 meV/f.u.
for R+4 . The X
+
5 mode marginally lowers or increases the total energy independent
of the other modes. Furthermore, the combination of in-phase and out-of-phase ro-
tations is found to cooperatively lower the energy of each system—more so than each
octahedral rotation mode individually—indicating the phenomenological origin for
the polarization is through a hybrid improper ferroelectric mechanism (Figure 6.2).
The energy minima are deeper for (SrCa)Zr2O6 and (SrCa)Hf2O6 than that for
(LaNd)Ga2O6 (Figure 6.2). Also, the energy minima in the (SrCa)-ordered com-
pounds appear at larger rotation angles than (LaNd)Ga2O6. This is consistent with
the tolerance factors presented in Table 6.11; a smaller tolerance factor results in
larger octahedral rotations and typically a deeper minimum. From these observations,
I infer that (SrCa)Zr2O6 and (SrCa)Hf2O6 are likely to exhibit higher ferroelectric
switching barriers than (LaNd)Ga2O6, as changing the direction of the polarization
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in these types of materials involves a complete change in sense of one of the BO6
octahedral rotation patterns. This is also in agreement with previous results showing
that the ferroelectric switching barrier decreases with increasing average tolerance
factor.287
I now examine the stability and energetic trends of each A cation order for a
given chemistry. In every case, the rock salt ordering is more stable than the other
A cation ordering schemes in the structurally distorted phases containing octahe-
dral rotations, followed by the layered and then columnar arrangements (∆E0, Table
6.2). In the paraelectric phases, however, the layered ordering is the lowest in energy,
which is followed by columnar and then rock salt (highest energy). To explain this
behavior, I examined the Coulombic contribution to the structure stability by calcu-
lating lattice sums at a fixed geometric configuration and varying the charge of the
cations from A3+/A3+ (B3+) to A2+/A2+ (B4+). These combinations correspond to
the (LaNd)Ga2O6 and (SrCa)Zr2O6 (or (SrCa)Hf2O6) structures, respectively. When
calculated in this way, the Madelung energy of the rock salt structure is lower than
the layered structure regardless of the valence state of the cations. This is true in
both the paraelectric and polar ground state structures, contrary to the DFT results,
which only finds this to be the case in the low-symmetry distorted structures.
This discrepancy can be understood using Pauling’s fifth rule of parsimony, which
states that it is most favorable for each ion to be in similar environments. Because the
paraelectric rock salt structure offers slightly more homogeneous surroundings than
the layered or columnar structures (as the A and A′ atoms coordinate the anions
in a trans rather than cis fashion), it minimizes the energetic penalties of cation
order. Once the crystal symmetry is enforced, however, the paraelectric layered and
columnar structures (P4/mmm) become lower in energy than the rock salt structure
(Fm3¯m), because the P4/mmm space group allows for oxygen displacements, while
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the Fm3¯m does not, i.e., the oxygen atoms lie on inversion centers.116 Therefore,
the oxygen atoms in the layered and columnar structures can shift in response to the
A/A′ size differential, while the atoms in the rock salt structure cannot, resulting in
an energetic cost.
In the polar layered and rock salt structures, there are no inversion centers owing
to the combination of octahedral rotations and cation order. As a result, the A-sites
and oxygen atoms are free to move to maximize the Coulombic energy and minimize
any repulsive interactions, which results in an enhanced covalency of (A/A′)–O bonds.
For the same reasons mentioned previously, this lowers the energy of the rock salt
ordered compound below that of the layered. The columnar structure is now highest
in energy because its distorted structure (space group P21/m) does not allow for
these same energy-lowering polar displacements.
6.2.2 Spontaneous Polarization and Ferroelectric Properties
Using the modern theory of polarization,153,155 I calculated the electric polariza-
tion for the six compositions that exhibit a non-zero polarization in their ground state
(P , Table 6.2). For each polar structure, the electric polarization is constrained by
symmetry to the [100] direction orthogonal to the in-phase rotation axis. At a fixed
composition, the layered A cation order always gives the highest electric polariza-
tion followed by the rock salt arrangement, which ranges from 30 to 80% lower in
magnitude.
To understand this behavior, I examine the local atomic displacements of the A
and A′ cations that connect the high-symmetry phases to the low-symmetry ground
state crystal structures. Indeed, there is a non-trivial influence of the ordering on the
magnitude and direction of the cation displacements (Figure 6.3). Each ordered struc-
ture can be thought of as having either columns of A and A′ atoms (or combinations
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thereof) along the [001]-direction parallel to the axis about which the GaO6 octahe-
dra rotate in-phase [Figure 6.3a-c]. Based on the specific atomic scale ordering, these
columns are either mixed (containing both A and A′) or chemically homogeneous.
Moving along this direction, the A cations are found to alternate their displacements
in the perpendicular direction along [001].
The fact that the A and A′ atoms in each chemically heterogeneous column dis-
place by different amounts (owing to ionic size, mass, and covalent bond optimization
requirements) yields the net macroscopic electric polarizations in the layered and rock
salt structures (cf. Table 6.2). Thus, the same atomic displacements that stabilize the
rock salt and layered structures produce the spontaneous electric polarizations. Using
an ionic charge model and layer polarizations only, this estimate is within 85% of the
DFT result, indicating there is not a substantial change in the bonding charge density
and the polar A cation displacements are not driven by chemical bond formation or
SOJT-activity. These features are characteristic of hybrid improper ferroelectrics.287
Interestingly, in both the layered and rock salt arrangements, the electric dipoles are
constrained to planes but oriented in opposite directions, making these cation ordered
polar perovskites the electric analogues to ferrimagents, i.e. ferrielectrics.379 In the
columnar ordering, each column is made up of chemically equivalent atoms; therefore,
the displacement amplitudes are identical and there is no net polarization.
In each configuration explored, atoms contained in the (A/A′)O2 plane orthogonal
to the direction of in-phase rotations displace, regardless of the chemical species that
comprise that plane. Critically, if the direction of the [001]-ordering in the layered
structure is no longer collinear with the in-phase octahedral rotation axis, the electric
polarization goes to zero. If the direction of in-phase rotations lies in the same
plane as the ordered layers, then each “column” of A-sites is made up of chemically
identical atoms, resulting in zero polarization as in the columnar arrangement. This
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Figure 6.3: Ground state crystal structures of the (a) [001] (layered), (b) [111] (rock
salt), and (c) [110] (columnar) atomically ordered (AA′)B2O6 superlattices. The
A-site cations displace in the plane orthogonal to the in-phase rotation axis [001].
effect manifests in the crystal symmetry, whereby the polar Pmc21 would transform
to a centrosymmetric P21/m space group if the in-phase rotation axis occurs in the
[100]-direction, while the layered ordering is maintained along [001]. My calculations
on the energetic stability of this layered P21/m structure in (LaNd)Ga2O6 show
that the non-polar structure is only ∼0.89 meV/f.u. higher in energy than the polar
structure. The fact that these two structures are essentially degenerate could result
in the formation of Pmc21–P21/m domains during synthesis, leading to a diminished
ferroelectric polarization. Such microstructures have been previously reported in the
growth of layered perovskite superlattice thin-films.380,381
6.3 Effect of Tilt Pattern on Inversion Symmetry Breaking
The fact that the polarization of the compounds in the previous section arises from
a trilinear coupling of two octahedral rotation types (a−a−c0 and a0a0c+) and a polar
mode leads to an often overlooked problem: mode condensation. There is the real
possibility that the two rotational modes condense at different temperatures, leading
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to a staggered paraelectric to ferroelectric phase transition. Although an avalanche
transition (in which the modes condense at the same temperature) is possible in fer-
roelectric oxides,202 non-avalanche transitions are also likely to occur.203 This makes
it difficult to predict whether or not there will be two phase transitions from the para-
electric to ferroelectric state in the material without detailed and careful experimental
study. However, it is possible to avoid this problem if the spontaneous polarization is
induced by only a single rotational mode, making such materials improper (i.e. Type
A, following the classification introduced in Chapter 5) rather than hybrid improper
ferroelectrics (Type AA). Materials of this nature could find use in high-temperature
electronic applications such as sensors.382
The symmetry analysis-based model I put forth in Chapter 5 reveals that although
both in-phase and out-of-phase rotations break inversion symmetry in the layered
and rock salt ordered structures, only out-of-phase rotations are required in the rock
salt structure. As discussed previously, this is because the ligands comprising the
BO6 octahedron and AO12 cuboctahedron in the perovskite structure are formed
by the same oxygen atoms; therefore, the rotation of the BO6 octahedra described
by a Glazer tilt system will simultaneously distort the A-site cation coordination
topology. The cation ordering scheme must then cooperatively align the now acentric
AOx polyhedra so as to lift inversion symmetry; in the case of tilt patterns with only
out-of-phase rotations, the rock salt structure can achieve this while the layered order
can not (Figure 5.11). In this section, I investigate materials with a propensity to
such tilt patterns and verify that this symmetry analysis holds in real materials.
6.3.1 Bulk Rare Earth Aluminate Ground States
I first determined the ground state structures of four non-polar aluminate di-
electrics which contain only out-of-phase AlO6 octahedral rotations: LaAlO3, NdAlO3,
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Table 6.3: Structural details of the bulk aluminate superlattice constituents. Each has
a centrosymmetric space group (S.G.) and only out-of-phase rotations about one, two,
or three axes; the magnitude of these are given by Θ and determined by measuring
the Al-O-Al bond angle θ, Θ = (180◦− θ)/2. The tolerance factor108 (τ) is computed
using bond lengths obtained from the bond valence model.103 The calculated lattice
parameters (in A˚) and rotational angle (in degrees) are compared to experimental
(Exp.) data (cf. text for references).
Compound S.G. Tilt τ Theory Exp.
LaAlO3 R3¯c a
−a−a− 0.995 a = 5.357 a = 5.359
c = 13.22 c = 13.08
Θ = 5.8 Θ = 5.5
NdAlO3 R3¯c a
−a−a− 0.975 a = 5.325 a = 5.333
c = 12.85 c = 12.98
Θ = 8.4 Θ = 9.4
PrAlO3 Imma a
0b−b− 0.982 a = 5.351 a = 5.339
b = 7.504 b = 7.494
c = 5.303 c = 5.291
Θ = 8.9 Θ = 9.4
CeAlO3 I4/mcm a
0a0c− 0.988 a = 5.326 a = 5.309
c = 7.591 c = 7.599
Θ = 7.2 Θ = 8.1
PrAlO3, and CeAlO3. The computationally and experimentally determined space
groups, lattice constants, and octahedral rotation angles and tilt patterns are sum-
marized in Table 7.1. I find that LaAlO3 and NdAlO3 both exhibit the a
−a−a− tilt
pattern (space group R3¯c), in agreement with experimental results.356,357 Next, I find
that PrAlO3 exhibits the a
0b−b− tilt pattern (space group Imma) in its ground state.
Although this compound is found to exhibit space group C2/m with an a0b−c− tilt
pattern at low temperatures experimentally, I find this phase is 10 meV per formula
unit (f.u.) higher in energy than the Imma phase; however, PrAlO3 is known to un-
dergo a continuous phase transition to Imma at 150 K.358 Finally, I find that CeAlO3
displays the a0a0c− tilt pattern (space group I4/mcm), which is consistent with the
experimentally known low-temperature structure.383
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6.3.2 A-Cation Ordered Ground State Structures
I next ordered LaAlO3 with both NdAlO3 and PrAlO3 along the cubic [111] di-
rection to form two rock salt double perovskites: (LaNd)Al2O6 and (LaPr)Al2O6.
CeAlO3 and PrAlO3 were ordered in the same way resulting in a third superlat-
tice: (CePr)Al2O6. By employing the same type of symmetry-restricted soft-phonon
search described in the previous section, I determined the ground state structures of
each compound, which are summarized in Table 6.4. The full ground state crystal
structures are tabulated in Appendix A, Tables A.10 to A.12. Although I found that
[001]-ordering is slightly more energetically favorable in these compounds than [111]
(between 1 to 6 meV lower in energy), I only considered the rock salt order for further
investigation due to the fact that it lifts inversion while the layered structures remain
centrosymmetric. All three ordered aluminates exhibit only out-of-phase rotations,
which in combination with the [111]-cation ordering results in non-centrosymmetric
(chiral or polar) space groups. However, only (LaPr)Al2O6 and (CePr)Al2O6 display
a spontaneous polarization, as they are polar (Imm2), where as (LaNd)Al2O6 is chiral
and non-polar.
I now carry out a detailed examination of each compound’s atomic structure to
understand the origin for the non-centrosymmetric symmetries, the different space
groups adopted, and the microscopic mechanism for the emergence of an electric po-
larization from the combination of two bulk non-polar dielectrics. In its ground state,
(LaNd)Al2O6 displays an a
−a−a− tilt pattern, which is similar to its two bulk ABO3
constituents, and the R32 space group. The distortion relating the undistorted struc-
ture to the ground state transforms as a single irreducible representation (irrep), R+4 ,
of the undistorted 5-atom Pm3¯m, which describes collective oxygen displacements
that produce out-of-phase rotations along each Cartesian axis. This may be equiva-
lently described as a single out-of-phase rotation about the trigonal (3-fold) axis of
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Table 6.4: Structural details and ferroelectric properties of the [111]-ordered per-
ovskite aluminates computed from DFT-PBEsol. All compounds exhibit out-of-phase
rotations in their ground states with the rotation magnitude and electric polarization
specified by Θ (degrees) and P (µC/cm2), respectively.
Compound (τ) S.G. Tilt Lattice Parameters (A˚) Θ P
(LaNd)Al2O6 R32 a
−a−a− a = 5.338 7.6 0
(0.985) b = 5.338
c = 12.96
(LaPr)Al2O6 Imm2 a
0b−b− a = 7.523 6.9 1.80
(0.988) b = 5.355
c = 5.322
(CePr)Al2O6 Imm2 a
0b−b− a = 7.560 6.7 1.78
(0.985) b = 5.399
c = 5.364
the structure.
As discussed in Chapter 4, the Landau theory of displacive phase transitions allows
for the free energy of a system to be expanded in terms of an order parameter; in
these superlattices, the order parameter best capturing the symmetry reduction from
the cubic to antiferrodistortive phase is the AlO6 octahedral rotation angle (given by
Θ in 6.4), which can be mapped onto the amplitude of the zone-boundary mode R+4 .
This permits me to write a free energy expression for (LaNd)Al2O6 as
F = α1Q2R+4 + β1Q
4
R+4
, (6.1)
with coefficients obtained from fits to the DFT computed mode amplitude–energy
plots (Table 6.5).
This compound has a polarization of zero, despite the fact that it exhibits a
non-centrosymmetric space group, owing to the chiral structure. The out-of-phase
rotations along all three crystallographic axes (in addition to rock salt ordering)
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Figure 6.4: (a) Energy as a function of atomic displacements (inset) described by
the R+5 (upper) and R
+
4 (lower) modes in (LaPr)Al2O6. (b) The coupling of R
+
4
with R+5 results in a cooperative lowering of the total energy, stabilizing the non-
centrosymmetric structure (gray lines obtained from a fit of the Landau potential,
see text). Note that there exists an equivalent energy minimum at R+5 ' −0.1 for R+4
imposed with opposite sense (negative mode amplitude).
removes all possibility for mirror symmetry but is compatible with 3-fold and 2-fold
rotation axes. As discussed in the previous section, it is the anti-polar displacements
of the different A-site cations which results in the electric polarization (a ferrielectric
type mechanism) in hybrid improper ferroelectrics.287 However, although out-of-
phase rotations alone can lift inversion symmetry in [111]-ordered superlattices, the
A-site atoms cannot displace perpendicular to any direction which contain out-of-
phase rotations. These features make the compound chiral and nonpolar. Indeed, in
the R32 space group, the A and A′ cations occupy the 3a and 3b Wyckoff positions,
both of which exhibit site symmetry 32. This symmetry constraint suggests that out-
of-phase rotations along one or two directions could be compatible with mirror planes
in [111] A-site ordered perovskites since those directions without any rotations would
serve as unique anisotropic axes for which a loci of points defining the reflection plane
may exist.
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I next investigate ordered aluminates which contain out-of-phase rotations along
only two crystallographic axes. Because the bulk phases of the constituents in
(LaPr)Al2O6 and (CePr)Al2O6 superlattices display different octahedral rotation pat-
terns (Table 7.1), there is a competition between having out-of-phase rotations along
one, two, or three axes. I find that the ground state structures of both A-site ordered
aluminates exhibit the a0b−b− rotational pattern with the polar Imm2 space group.
This rotation pattern allows for displacements of the A-sites, resulting in small electric
polarizations of 1.80µC/cm2 in (LaPr)Al2O6 and 1.78µC/cm
2 in (CePr)Al2O6.
Unlike (LaNd)Al2O6, the symmetry of these polar ground state structures requires
two irreps for a complete description: Q1, which describes the out-of-phase rotations
and transforms like the irrep R+4 (identical to that in (LaNd)Al2O6), and Q2, which
describes A-site displacements and transforms like R+5 [see insets in Figure 6.4a].
Both irreps are given relative to the Pm3¯m 5-atom perovskite. Figure 6.4a shows the
evolution of the total energy of (LaNd)Al2O6 with respect to increasing amplitude of
these two modes. I find that whileR+4 is a soft mode (negative quadratic-like curvature
about the origin) and results in a large gain, R+5 alone leads to an energy penalty
(positive curvature). On the other hand, when the two modes coexist [Figure 6.4b],
I find that with increasing amplitude of the nominally hard R+5 mode any non-zero
amplitude of the non-polar out-of-phase rotations (R+4 ) leads to increased stability
of the Imm2 (LaNd)Al2O6 structure without a change in curvature of the energy
surface. This behavior is similar to that seen in the improper ferroelectric YMnO3,
228
whereby a non-polar mode also stabilizes a hard polar mode with non-zero amplitude.
The free energy evolution of (CePr)Al2O6 exhibits identical behavior.
To understand the anharmonic lattice interactions which provide the stability of
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Table 6.5: Free energy expansion coefficients in Equation 6.2 for each [111]-ordered
A-site perovskite aluminate.
Coefficient (LaNd)Al2O6 (LaPr)Al2O6 (CePr)Al2O6
α1 (meV/A˚
2) -8.130 -30.61 -33.98
α2 (meV/A˚
2) – 132.9 133.1
β1 (meV/A˚
4) 0.139 2.239 2.433
β2 (meV/A˚
4) – 1.295 8.967
γ1 (meV/A˚
4) – -3.299 -4.085
γ2 (meV/A˚
4) – 245.2 217.9
δ (meV/A˚4) – 33.48 33.37
the polar phase, I expand the free energy (with respect to Pm3¯m) as
F = α1Q2R+4 + α2Q
2
R+5
+ β1Q
4
R+4
+ β2Q
4
R+5
(6.2)
+ γ1Q
3
R+4
QR+5 + γ2QR
+
4
Q3
R+5
+ δQ2
R+5
Q2
R+4
.
By fitting the free energy expression truncated to quartic order to the calculated total
energies in Figure 6.4b, the coefficients in Equation 6.2 are obtained (Table 6.5). I find
that the most important anharmonic term couplingQR+4 toQR
+
5
is given by γ1Q
3
R+4
QR+5
with a negative coefficient that leads to the cooperative stability and coexistence of
the out-of-phase rotations and polar displacements. The γ2QR+4 Q
3
R+5
term contributes
to the asymmetry of the energy surface, but is not the main interaction stabilizing the
non-zero polar displacements in the Imm2 structure. Similarly, the mixed biquadratic
term renormalizes the homogeneous quadratic terms and leads to the decrease in
radius of curvature of the free energy curve near the minimum with increasing R+4 ,
yet it is not responsible for the minimum. Thus, the requirement of two coupled
modes as ∼Q3
R+4
QR+5 with the primary QR
+
4
octahedral rotation mode reveals that the
aluminates behave as conventional improper ferroelectrics and not hybrid-improper
ferroelectrics; the latter are susceptible to staggered phase transitions owing to the
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Figure 6.5: The experimentally and computationally determined phase transitions of
(LaNd)Al2O6, (LaPr)Al2O6, and (CePr)Al2O6. The phases are defined according to
crystal systems with the space group symmetries specified in Table 6.6. Note that
the unordered solid solutions for each aluminate are centrosymmetric, whereas the
[111] A-cation ordering leads to a non-centrosymmetric structure, which persists to
high temperature (≥ 1300 K), allows for ferro- and piezoelectricity (the presence of
which is indicated by the red and blue bars, respectively).
necessity of two primary modes.
6.3.3 Structural Phase Transitions
I next investigated the critical temperatures associated with the paraelectric to fer-
roelectric transitions to explore the potential of these aluminates for high-temperature
applications. Recent work has shown that Tc in compounds exhibiting soft-mode
driven phase transitions is strongly correlated to the energy difference between the
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Table 6.6: The possible crystal systems, octahedral rotation patterns, and space
groups (S.G.) that may be found in (LaNd)Al2O6, (LaPr)Al2O6, or (CePr)Al2O6,
along with the abbreviations used for each. Note that not every aluminate displays
all of the phases tabulated below (see Figure 6.5).
Crystal System Tilt Pattern Ordered S.G. Solid Solution S.G.
(T) Tetragonal a0a0c− I 4¯2m (121) I4/mcm (140)
(M) Monoclinic a0b−c− Cm (8) C2/m (12)
(O) Orthorhombic a0b−b− Imm2 (31) Pnma (62)
(R) Rhombohedral a−a−a− R32 (155) R3¯c (167)
(C) Cubic a0a0a0 Fm3¯m (225) Pm3¯m (221)
two symmetry related structures.384 By using the fact that ∆E = kBTc, where kB
is Boltzmann’s constant, I am able to estimate phase transition temperatures using
DFT total energies. The phase diagrams of the rare earth aluminate solid solutions
(effectively disordered A-site phases) of all compounds investigated have also been
experimentally determined361 and thus will serve as a useful comparison to the pre-
dicted critical temperatures of the [111] ordered phases. Because the symmetries of
an ordered and disordered compound with the same tilt pattern are different, I re-
fer to the corresponding phases by the crystal system generated by the octahedral
rotation pattern to more easily draw comparisons. The abbreviations used for each
phase, along with the corresponding tilt pattern and space group, are listed in Table
6.6.
Experimentally, solid solution (LaNd)Al2O6 is found to undergo a rhombohedral
(R, a−a−a−) to cubic (C, a0a0a0) phase transition at 1471 K. My calculations of the
ordered [111]-system estimate this transition to occur at 1340 K, in close agreement
with the experimental results (Figure 6.5, top panel). However, note that other
ordered phases (such as [001]) could display different transition temperatures.
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Solid solution (LaPr)Al2O6 displays a more complicated series of phase transitions:
M
82 K−−→ O 93 K−−→ R 1306 K−−−−→ C.
The monoclinic (M) phase exhibits the a0b−c− tilt pattern, while the orthorhombic
(O) phase exhibits the a0b−b− pattern. In my calculations of the [111]-ordered phase,
however, the monoclinic Cm structure was dynamically unstable compared to the
orthorhombic Imm2 phase; no local minimum could be found. The experimentally
known sequence of phase transitions in the solid solution is therefore not reproduced in
the ordered phase (Figure 6.5, center panel). This result may either be a consequence
of the cation order or a limitation of the exchange-correlation functional used in the
DFT calculations. However, I estimate the O → R and R → C transitions to occur
at 130 K and 1330 K, respectively, again in close agreement with the experimental
results of 93 K and 1306 K, which suggests that the monoclinic phase is suppressed
by the cation order. Additionally, I found an orthorhombic Pmc21 (a
−a−c+) that
is ∼20 meV higher in energy than the ground state Imm2 structure; although this
phase is not reported experimentally in the solid solution phase diagram, it could
manifest during growth of [111]-ordered (LaPr)Al2O6.
Finally, solid solution (CePr)Al2O6 displays the most complicated phase diagram,
and has five experimental transitions:360
T
174 K−−−→ M 214 K−−−→ O 343 K−−−→ R 1506 K−−−−→ C.
In contrast, I find the orthorhombic Imm2 structure to be the ground state phase, and
the tetragonal structure to be unstable (Figure 6.5). Based on energetics, I estimate
an O→ R transition at 34 K and an R→ C transition at 1280 K.
I conjecture that many of the discrepancies between the ordered aluminates and
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the experimental solid solutions, e.g. the loss of the tetragonal phase in (CePr)Al2O6,
may be attributed to the A-site rock salt ordering pattern and its compatibility with
the single antiferrodistortive AlO6 rotation mode. Because ordering along [111] results
in a three dimensional pattern (alternating A-sites along each axis), it is more compat-
ible with a three dimensional octahedral rotation pattern (a−a−a−, i.e., out-of-phase
rotations along each axis), rather than a one- or two-dimensional tilt pattern, which
would create a unique axis in the structure. This geometric argument is corroborated
by examining rock salt B-site ordered perovskites; while rock salt A-site ordered per-
ovskite oxides are rare, [111]-type B-site ordering is by far the most common.116,125,385
The three-dimensional a−a−c+ tilt system is the most common octahedral rotation
pattern adopted by B-site ordered perovskites (in addition to being the most common
overall). The a−a−a− and a0b−b− patterns are found to be the next most frequently
observed, while a0a0c− is the least common.385,386 By considering this distribution
of structures, it seems reasonable that the ground states of the A-site ordered alu-
minates investigated here should also exhibit either the a−a−a− or a0b−b− rotational
pattern.
Additionally, it appears that PrAlO3 (a
0b−b−) influences the tilt pattern of the
ordered superlattice more so than the other bulk rare earth aluminates; it turns off a
rotation about one Cartesian axis in LaAlO3 (a
−a−a−), stabilizing the a0b−b− rotation
pattern. However, it turns on a rotation when ordered with CeAlO3 (a
0a0c−) to also
give the a0b−b− rotation pattern. This is due to the fact that the phonon mode
that transforms as R+4 is much more unstable in PrAlO3 (ω = 177.5i cm
−1) than
in LaAlO3 (ω = 127.1i cm
−1) or CeAlO3 (ω = 148.4i cm−1), leading to control
of the superlattice structure by PrAlO3. This suggests that the rotation pattern
adopted by the ground state structure could be directly designed by selection of the
rotational mode instability strengths (or mismatch) of the bulk ABO3 perovskite
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oxides interleaved to form the superlattice.
6.3.4 Dielectric, Ferroelectric, and Piezoelectric Properties
As discussed previously, I found that the ground state structures of (LaPr)Al2O6
and (CePr)Al2O6 are improper ferroelectrics with small electric polarizations of 1.80
and 1.78 µC/cm2, respectively, resulting from A-site displacements. My estimate
of the critical transition temperatures for each shows that these aluminates would
only retain this spontaneous polarization to 93 K and 34 K, at which point they
transition from a polar to chiral structure. However, all three compounds retain
non-centrosymmetric structures up to high temperatures (>1300 K, see Figure 6.5).
To investigate their viability for use in high-temperature applications, I computed
the dielectric and piezoelectric tensors for the non-centrosymmetric phases of each
ordered compound, as well as the Born effective charges (Table 6.8). Although these
properties are all computed at 0 K, they can still be used to draw useful comparisons
across different phases.
The total dielectric constant  consists of electronic (frozen-ion) and ionic (relaxed-
ion) contributions. I find that the electronic dielectric tensor is approximately isotropic,
as well as nearly equivalent across all chemical compositions (a well-known phe-
nomenon in perovskite oxides387) and structural phases. The ionic contributions
are much larger; I also find that on average they increase when transitioning from
the polar Imm2 to chiral R32 structure. The total dielectric constant of each alu-
minate also falls well within the known range for perovskite oxides; (LaNd)Al2O6 in
particular displays a dielectric constant near the top of this range.387
The relaxed-ion piezoelectric stress (eij) and strain (dij) coefficients are related
through the compliance tensor Cij (the inverse of the elastic tensor) by dij = Sikekj.
Note that due to symmetry, the R32 piezoelectric tensors have 5 components, but
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Table 6.7: The computed frozen-ion (elec), relaxed-ion (ion), and total () dielec-
tric, relaxed-ion piezoelectric stress (e) and strain (d) tensors for (LaNd)Al2O6,
(LaPr)Al2O6, and (CePr)Al2O6. Because (LaNd)Al2O6 does not exhibit any other
phases besides R32 and Fm3¯m, only the tensor properties of the R32 phase are pre-
sented. Point group 32 exhibits 3 dielectric and 5 piezoelectric coefficients, but only
2 of which are independent in each case: 11 = 22 6= 33, and d11 = −d12 = −12d26
and d14 = −d25. The mm2 point group exhibits 3 independent dielectric and 5
independent piezoelectric coefficients.
Dielectric Constant Piezoelectric Coefficients
Compound Phase Index elec ion  Index e (C/m2) d (pC/N)
(LaNd)Al2O6 R32 11 4.71 49.7 54.4 11 6.83 13.3
33 4.61 27.6 32.2 15 4.08 77.7
26 -6.83 -26.6
(LaPr)Al2O6 Imm2 11 4.70 23.6 28.3 31 0.11 0.11
22 4.63 18.8 23.4 32 0.19 0.62
33 4.78 17.4 22.2 33 0.02 -0.19
24 0.18 9.05
15 -0.19 -1.24
R32 11 4.74 36.1 40.8 11 6.83 5.23
33 4.65 25.9 30.5 15 3.28 54.4
26 -6.83 -10.5
(CePr)Al2O6 Imm2 11 4.67 22.4 27.1 31 0.07 0.14
22 4.58 17.6 22.2 32 0.05 0.04
33 4.75 16.1 20.8 33 0.06 0.12
24 0.09 -3.39
15 -0.11 -0.71
R32 11 4.70 17.3 22.0 11 0.46 2.25
33 4.61 25.0 29.6 15 0.20 0.26
26 -0.46 -4.49
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Table 6.8: The Born effective charge (Z∗) tensors for (LaNd)Al2O6, (LaPr)Al2O6,
and (CePr)Al2O6. Although the Al and O Born effective charge tensors contain small
off-diagonal elements, only the main diagonal coefficients are given.
Compound Phase Atom nominal valence Z∗11 Z
∗
22 Z
∗
33
(LaNd)Al2O6 R32 La +3 +4.47 +4.47 +4.21
Nd +3 +4.31 +4.31 +4.14
Al +3 +2.95 +2.95 +2.86
O −2 −2.42 −2.42 −2.38
(LaPr)Al2O6 Imm2 La +3 +4.38 +4.25 +4.58
Pr +3 +4.30 +4.14 +4.44
Al +3 +2.88 +2.94 +2.95
O −2 −2.42 −2.42 −2.38
R32 La +3 +4.72 +4.72 +4.26
Pr +3 +4.35 +4.35 +4.20
Al +3 +2.95 +2.95 +2.88
O −2 −2.44 −2.44 −2.39
(CePr)Al2O6 Imm2 Ce +3 +4.31 +4.14 +4.47
Pr +3 +4.30 +4.13 +4.44
Al +3 +2.88 +2.95 +2.96
O −2 −2.43 −2.35 −2.47
R32 Ce +3 +4.36 +4.36 +4.18
Pr +3 +4.34 +4.134 +4.18
Al +3 +2.96 +2.96 +2.87
O −2 −2.44 −2.44 −2.36
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only 2 are independent; the Imm2 phase has 5 independent coefficients. First, the
chiral R32 phases of (LaNd)Al2O6 and (LaPr)Al2O6 exhibit relatively large piezoelec-
tric coefficients, comparable to those of common lead-free piezoelectric materials such
as BaTiO3 and LiNbO3.
388,389 Interestingly, the polar Imm2 phase of (LaPr)Al2O6
has piezoelectric coefficients that are an order of magnitude smaller. Because the chi-
ral phases have no net dipole due to the A-sites sitting on high symmetry positions,
an applied stress will generate a much larger induced polarization than in the polar
phases (which already have a spontaneous polarization). Additionally, the piezoelec-
tric response of (CePr)Al2O6 is much smaller than either of the La-based aluminates;
it does, however, also show the same increase in response across the Imm2-to-R32
structural phase boundary (Table 6.8). Thus, while the polarization goes to zero
across the Imm2-to-R32 transition in (LaPr)Al2O6 and (CePr)Al2O6, there is a large
increase in the piezoelectric response in the chiral structures.
Finally, I computed the Born effective charges for the five phases. Typically,
proper ABO3 ferroelectrics exhibit anomalously large Born effective charges; for ex-
ample, the nominal charge for Ba, Ti, and O in BaTiO3 are +2, +4, and −2, re-
spectively, while Z∗Ba = +2.56, Z
∗
Ti = +7.26, and Z
∗
O = −5.73.390 In these ordered
aluminates, however, the Born effective charges are close to their nominal values with
only the A-site cations displaying any significant deviation. This clearly highlights
the difference in mechanism between proper ferroelectrics such as BaTiO3, where
polarization arises from B-site displacements due to enhanced covalency with the
surrounding oxygen anions, and improper ferroelectrics such as these ordered alumi-
nates, where unequal anti-aligned A-site displacements result in layer dipoles.
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6.4 Effect of Chemical Substitution on Hybrid Improper Ferroelectric
Properties
In this section, I concentrate on (AA′)(BB′)O6 double perovskites, which ther-
modynamically favor simultaneous layering of the A-sites and rock salt patterning
of the B-sites (Figure 6.6).116 This type of chemical ordering, in combination with
the common a−a−c+ octahedral rotation pattern, is also capable of lifting inversion
symmetry through a hybrid improper mechanism.346 Many double perovskites have
been experimentally made with a wide variety of different B cations, including Mg,
Mn, Co, Ni, Ti, Fe, W, Sc, Te, and Nb.117–120,302,303 Here I chose to focus on the series
of (AA′)(MnW)O6 compounds; in these compounds, the Mn2+ atoms are known to
order magnetically, and the W6+ cations provide the large valance state difference
needed for rock salt ordering.116
Several of the members of this family have been synthesized experimentally, and
many exhibit a polar P21 ground state at room temperature in addition to mag-
netic ordering at low temperatures (typically below 15 K);116 the Ne´el temperature
is so low due to the fact that the B-site rock salt ordering separates the Mn atoms,
and the superexchange interaction occurs via a Mn-O-W-O-Mn pathway with non-
magnetic W atoms.391 Furthermore, a large electric polarization of 16 µC/cm2 in
(NaLa)(MnW)O6 arising via a hybrid improper mechanism is predicted from density
functional theory calculations.346 A recent experimental study, however, found zero
spontaneous polarization in samples of (NaLa)(MnW)O6 and (NaNd)(MnW)O6.
305
This discrepancy could be attributed to the polycrystalline samples and difficulties
in poling sintered ceramic pellets.
I investigated a series of nine iso-structural compounds with a combination of
alkali earth metals on the A-site (A=Na, K, Rb) and rare-earth cations on the A′-site
(A′=La, Nd, Y) using first-principles density functional theory calculations. I find
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Figure 6.6: The combination of layered A-site and rock salt B-site orderings to cre-
ate an (AA′)(BB′)O6 heterostructure produces a P4/nmm crystal structure in the
absence of BO6 octahedral rotations.
all materials in this family display a spontaneous polarization, which is enhanced by
up to 150% in those chemistries that maximize the A-A′ cation size differential. In
order to understand the origin and requirements for the presence of this net dipole,
I examined a variety of structural descriptors, including tolerance factors, displacive
mode amplitudes, bond valence sums, and layer decomposed dipoles. I found that
although the size of the rare earth cation is the largest factor controlling the magnitude
of the polarization, consideration of the alkali metal is needed to fully distinguish
the compounds with the largest polarization in a single lanthanide family. With
this understanding, I then put forth a predictive model based on crystal-chemistry
factors to describe other double perovskites, locate new compositions, and determine
how to optimize the electric polarization and intrinsic switching barrier. Finally, I
observe a small remnant polarization, purely electronic in nature, in the absence of
rotations; although this arises due to the nature of the improper mechanism, control
over this property could result in ‘electronic-only’ ferroelectrics, allowing for ultra-fast
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Table 6.9: Equilibrium lattice parameters and monoclinic angle (β) of the nine
(AA′)(MnW)O6 ordered superlattices computed at the DFT+U level. All structures
were constrained to the P21 space group (no. 4).
A A′ a (A˚) b (A˚) c (A˚) β (deg.)
Na La 5.572 5.597 8.016 90.225
Na Nd 5.541 5.667 8.034 90.303
Na Y 5.438 5.637 7.961 90.270
K La 5.696 5.722 8.237 90.504
K Nd 5.634 5.718 8.243 90.587
K Y 5.519 5.692 8.254 90.729
Rb La 5.737 5.752 8.337 90.549
Rb Nd 5.545 5.635 9.492 92.227
Rb Y 5.407 5.594 9.721 93.131
switching due to unnecessary ionic motion.
6.4.1 Ground State Structures
First, I generated nine double perovskites by occupying alternating A- and B-sites
along the [001] and [111] crystallographic directions with monovalent alkali metal (A)
and trivalent (A′) cations, respectively, to give chemical formula (AA′)(MnW)O6. I
henceforth refer to each compound according to the A-site chemistry as (AA′)MW,
where the layered combinations investigated include: (NaLa)MW, (NaNd)MW, (NaY)MW,
(KLa)MW, (KNd)MW, (KY)MW, (RbLa)MW, (RbNd)MW, and (RbY)MW. Of
these manganese tungstates, (NaLa)MWO6, (NaNd)MWO6, and (KLa)MWO6 have
been experimentally realized and ordered in the layered and rock salt configura-
tion.302,391,392 While (NaLa)MW and (NaNd)MW exhibit the polar P21 space group
and an a−a−c+ tilt pattern, (KLa)MW is found to be non-centrosymmetric-nonpolar
(P 4¯2m) and has a complex octahedral tilt pattern (a−a−c0, with an in-phase tilt
inserted every 5 unit cells).392 I recognize that synthesis of the unknown compounds
may result in many of the complicated structural features exhibited by other members
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Figure 6.7: The crystal structure of (a) (NaNd)(MnW)O6 and (b) (RbY)(MnW)O6.
The Na, Rb, and Nd atoms are yellow, pink, and orange, respectively. Each structure
exhibits the P21 space group and contains rock salt ordered Mn (maroon) and W
(grey) B-sites as well as layered A and A′ sites.
of this family that are not captured in this first-principles modeling, such as incom-
mensurate tilt patterns, twinning, or compositional modulation. However, in order
to investigate the magnitude of the spontaneous polarization and make meaningful
comparisons between members of this family, I constrained the lattice relaxations of
all compounds to be within the P21 space group and caution synthetic researchers
that this phase is unlikely to be the ground state. The ground state crystal struc-
tures are tabulated in Appendix A, Tables A.13 to A.21. In each case, the electric
polarization is along the in-plane b direction.
The structure of a typical member of this family is shown in Figure 6.7a. I find that
while the lattice parameters and monoclinic angles are relatively independent of the
A′ chemistry, they increase with increasing A cation size (Table 6.9). For seven of the
nine compounds, the lattice parameters are relatively similar and the monoclinic angle
β deviates from 90◦ by less than 1◦. Interestingly, the (RbNd)MW and (RbY)MW
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Table 6.10: Bond valence (BV) sums of A-O, A′-O, Mn-O, and W-O bonds of
all nine AA′(MnW)O6 double perovskites. The values were computed using BV =
exp[(Ro−R)/B], where Ro is a parameter describing the bond length when atoms have
their ideal valence,393 R is the average bond length determined from DFT calculations,
and B is an empirical constant (set to 0.37 for each case here).
A A′ A-O A′-O Mn-O W-O
Na La 1.15 3.08 2.33 5.38
Na Nd 1.13 3.30 2.05 5.42
Na Y 1.20 3.16 2.05 5.43
K La 1.19 2.81 2.01 5.48
K Nd 1.18 3.08 1.97 5.44
K Y 1.14 3.00 1.91 5.42
Rb La 1.49 2.82 1.92 5.48
Rb Nd 0.91 3.11 1.23 5.30
Rb Y 0.95 3.02 1.07 5.25
compounds are found to have highly elongated c-axes and large monoclinic angles (see
the last two rows of Table 6.9). Together these cell distortions also elongate the Mn-O
bonds aligned along the c-axis to the point that they are essentially “broken.” Figure
6.7b clearly shows this effect, where the Mn coordination transforms to a square
pyramidal geometry. Although one might want to attribute this effect solely to the
increase in the ionic radius of Rb compared to the other alkali metals, (RbLa)MW
does not exhibit this structure type. Instead, I find that the controlling factor is the
difference in the size of the A-site ionic radii (r) of the cations, i.e. ∆r = |rA − rA′|.
Only above a critical ∆r (∼ 0.45 A˚) do the AA′MW compounds adopt the highly
distorted structure.
An examination of the bond valence sums (Table 6.10) also shows that the Mn
atoms in (RbNd)MW and (RbY)MW are highly undercoordinated, decreasing from
their nominal oxidation state of 2+ to nearly 1+. Although this analysis suggests
that these two structures are unlikely to be synthesized in this polymorph, I keep the
structures in the hypothetical suite of compounds to evaluate how the electric polar-
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Table 6.11: The ionic radii of 12-fold coordinated A (rA) and A
′ (rA′) atoms, po-
larization (P ), and energy difference between the P21 ground state and the lowest
energy centrosymmetric, supergroup P21/m, phase (EB) for all nine AA
′(MnW)O6
compounds.
A A′ rA (A˚) rA′ (A˚) P (µC/cm2) EB (meV/f.u.)
Na La 1.39 1.36 16.1 46.0
Na Nd 1.39 1.27 19.3 224
Na Y 1.39 1.25 23.6 426
K La 1.64 1.36 15.5 37.8
K Nd 1.64 1.27 20.8 109
K Y 1.64 1.25 26.1 353
Rb La 1.72 1.36 15.1 20.6
Rb Nd 1.72 1.27 19.0 193
Rb Y 1.72 1.25 23.6 243
ization evolves with A cation substitution. Additionally, the A-site bond valence in
(RbLa)MW suggests that the Rb atom is over coordinated in this compound. This
occurs because Rb and La are the largest alkali and rare earth cations investigated,
leading to (RbLa)MW exhibiting the smallest octahedral rotations; this in turn gives
a higher coordination number to Rb in comparison to the A-sites of the other com-
pounds. Finally, I find that Nd and Y are always slightly overcoordinated, while
La is overcoordinated in (NaLa)MW, but not (KLa)MW or (RbLa)MW. The bond
valences of the A′ cations also decrease when going from A=Na to K or Rb due to
the larger size of these A cations.
6.4.2 Dielectric and Magnetic Properties
Table 6.11 reports the computed electric polarizations for the P21 equilibrium
structures of all nine compounds. The polarization does not show significant variation
when changing the alkali cation and keeping the rare-earth chemistry fixed (Figure
6.8a), but it markedly increases upon substitution of the trivalent A′ cation with a
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Figure 6.8: The total polarization of each AA′(MnW)O6 compound as a function
of the size of the (a) alkali A cation and (b) rare earth A′ cation. Although the
polarization remains relatively constant upon substitution of the A site, it is strongly
correlated to the size of the rare earth cation. The dashed line shows a linear fit to
the data, while R2 is the coefficient of determination for the fit.
smaller lanthanide element at a fixed alkali metal composition (Figure 6.8b). This
suggests that the size of the rare earth cation (Table 6.11) influences the magnitude
of the electric polarization to a greater degree than the alkali metal. However, this
does not mean that the A-site does not influence the magnitude of the polarization;
there are several subtle effects that are not explained by the rare earth chemistry of
the A′-site alone and will be explored in more detail in the next section. Additionally,
there is a clear trend between the polarization and the energy difference between the
P21 ferroelectric and P21/m paraelectric phases (given as EB in Table 6.11), which
can be used as an estimation of the intrinsic ferroelectric switching barrier.
I next investigated how the Mn magnetic moment and band gap evolves with
respect to chemical substitution on the A-site. I find that while the band gap matches
closely with those experimentally reported,302 there is no significant correlation in
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Figure 6.9: Atomically-resolved density of states for (NaLa)(MnW)O6 with the Fermi
level indicated by a broken line at 0 eV. The top of the valence band is made up of O
2p states and Mn 3d states, while the bottom of the conduction band is primarily W
5d states. The A-site cations, Na and La, contribute states far from the band edges.
either of these quantities as a function of polarization. Figure 6.10a and 6.10b show
that there is small variation between the magnetic properties and electronic band gap
with A-site chemistry—both properties are largely unaffected by the alkali metal and
trivalent cations on the A-site. However, the properties are closely clustered for a
given A′ cation. This is most likely because the magnetic moment only depends on
the Mn atoms, and any small changes to it are induced by inductive effects from the
A cations that weakly change the length and covalency of the Mn–O bond.394 The
electronic density of states also primarily consists of O 2p states and Mn 3d states
at the top of the valence band and W 5d states at the bottom of the conduction
band (6.9); the A and A′ cations contribute states far from these band edges, and
as a result, their chemistry does not significantly impact the band gap. While it is
possible that the size of these cations could influence the band gap through alteration
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of the Mn-O-W bond angle (by increasing or decreasing orbital overlap), I do not see
any large changes.
In order to switch the polarization in these rotationally-induced improper ferro-
electrics, the entire sense of the in-phase tilts must be reversed. The P21/m structure
is the mostly likely intermediate centric phase along a one-step switching path as it
contains no in-phase rotations.346 As the size of the rare earth cation decreases (and
thus the polarization increases), the energy difference between these two phases in-
creases by a large amount; this is also reflected in the fact that the compounds with
smaller cations have larger octahedral rotations, as mentioned previously. Thus, al-
though an enhancement in the polarization can be achieved through A-site chemical
substitution, there is a trade off in the ability of the ferroelectric polarization to be
switched. This was reported previously in other rotation-driven ferroelectrics such as
layered perovskites and Ruddlesden-Popper phases.287
6.4.3 Crystal-Chemistry Descriptors for Electric Polarization
To build a more thorough microscopic understanding of the evolution in the
electric polarization with A and A′ cation substitution, I explore how structural-
chemistry descriptors relate the dielectric properties to the crystal structure. One
of the most common descriptors for perovskite oxides is the Goldschmidt tolerance
factor,108 which for the double perovskites examined here can be expressed as
τavg =
r¯A + rO√
2 (r¯B + rO)
, (6.3)
where r¯A and r¯B are the average Shannon ionic radii of the A-site and B-site cations
of 12-fold coordinated A and A′ and 6-fold coordinated B and B′ atoms.109 This
quantity gives a simple measure of the distortion of a perovskite oxide; the closer τavg
is to 1, the less distorted (or more cubic) the structure tends to be. If τavg is less than
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Figure 6.10: The (a) Mn magnetic moment, (b) band gap, and (c) energy difference
(EB) between the P21 and P21/m phases of each compound. While the magnetic
moment and band gap remain relatively unchanged upon chemical substitution, the
energy difference between the phases increases substantially as the polarization in-
creases.
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1, then the A-site cations are too small for the interstices between BO6 octahedra,
and the extended octahedral network rotates in order to alleviate this underbonding
of the A-site species.
Because of the ubiquity of this quantity in characterizing perovskites, I first ex-
amined the effect of τavg on the polarization. This parameter alone poorly describes
the evolution in the magnitude of the polarization for all compounds and is anti-
correlated with the polarization within a given trivalent A′ family (Figure 6.11a).
Previous work has identified that the difference in tolerance factor (∆τ) of the bulk
ABO3 constituents is also an important descriptor of the polarization in perovskites
with layered A cation order exhibiting hybrid improper ferroelectricity.287 Starting
from a symmetry analysis, Mulder et al. derived a relationship between spontaneous
polarization and tolerance factor of the form P ≈ ∆τ(1 − τavg). Here, I consider
∆τ to be the difference between the average tolerance factor of the (AA′)MnO3 and
(AA′)WO3 bulk compounds. This quantity improves the correlation among all com-
pounds and the spontaneous polarization (Figure 6.11b) due to information about
the difference in atomic radii being included, which will be shown to be an important
factor in determining the magnitude of the polarization. Nonetheless, the ionic size
of the A′ cation alone provides a better predictor of the polarization (Figure 6.8b),
albeit is anti-correlated.
I next performed a mode decomposition of the polar structures. Three primary
modes relating the low symmetry ground state P21 structure to the undistorted high
symmetry P4/nmm structure have been previously identified and are described by
the following irreducible representations (irreps): Γ+5 (describing the out-of-phase
rotations), Γ−1 (describing the in-phase rotations), and Γ
−
5 (polar mode).
346 (Note
the mechanical representations of Γ−1 and Γ
+
5 are similar to irreps M
+
3 and R
+
4 irreps
found in the perovskite literature, which are responsible for reducing a cubic Pm3¯m
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Figure 6.11: (a) Polarization versus tolerance factor of the nine AA′(MnW)O6 com-
pounds computed using the Shannon ionic radii of 12-fold coordinated A and A′ sites.
While the tolerance factor by itself is not a good overall predictor of the polarization,
it is a good descriptor within each family of constant rare earth A′ site (dashed lines
are linear fits to the data). (b) Polarization versus tolerance factor renormalized to
the tendency of A-sites to displace (see text), ∆τ(1 − τavg) provides a much better
prediction of the polarization among all compounds.
Table 6.12: Amplitude of the three primary modes relating the nine P21
AA′(MnW)O6 ordered superlattices to the undistorted high symmetry P4/nmm
phase. Labels of the irreducible representations are generated with respect to the
P4/nmm structure.
A A′ QΓ+5 (A˚) QΓ−1 (A˚) QΓ−5 (A˚)
Na La 1.336 0.897 0.668
Na Nd 1.486 1.986 0.899
Na Y 1.589 1.273 1.088
K La 0.984 0.658 0.449
K Nd 1.079 0.861 0.625
K Y 1.251 1.131 0.829
Rb La 0.868 0.499 0.358
Rb Nd 1.236 0.882 0.499
Rb Y 1.503 1.109 0.714
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ABO3 perovskite to the common Pnma orthorhombic phase). The mode amplitude
Q provides a measure of the degree to which a structure is distorted by these three
modes (Table 6.12). I find that the amplitude of Γ+5 and Γ
−
1 (and thus the BO6
and B′O6 octahedral rotations) increases as a function of decreasing atomic size.
All three of the main modes show a somewhat clear trend with the polarization,
and the amplitude of the Γ−1 mode is the most strongly correlated (Figure 6). This
behavior suggests that the out-of-phase rotations exhibit the largest control over the
polarization. Additionally, the polar Γ−5 mode follows the same trend, indicating
that the magnitude of the spontaneous polarization should increase as the A′ atomic
species get smaller (Fig. 6.12). This is to be expected given the hybrid improper
nature of the polarization, as the net dipole in these materials arises due to a non-
cancellation of A-site cation displacements; having smaller atoms means they can
undergo larger displacements.
By taking all of this structural information into consideration, (KY)(MnW)O6 ap-
pears to be the chemistry best suited for polarization enhancement and experimental
investigation in this family of materials. The difference in the atomic size of the K
and Y (∆r) is large enough to maximize the polarization, while also small enough to
maintain the desired perovskite structure (indicated by the fact that the bond valence
of the Mn-O remains close to the nominal value of 2+, Table 6.10). As mentioned
previously, however the size of the rotations also increases the ferroelectric switching
barrier due to the fact that reversal of the in-phase rotations is required for switching
of the polarization (EB, Table 6.11).
6.4.4 Contributions to the Electric Polarization
The total spontaneous polarization can be decomposed into two parts: an ionic
contribution from atomic displacements (Pion) and an electronic contribution arising
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Figure 6.12: Polarization as a function of (a) Γ+5 (out-of-phase rotations), (b) Γ
−
1
(in-phase rotations), and (c) Γ−5 (polar mode) mode amplitudes of each AA
′MW
compound.
from displacement of the electron cloud (Pelec). While the size of the rare earth A
′
cation largely controls the magnitude of the spontaneous polarization, an investigation
of the contributions of each atomic species can lead to further insights. Note that
while this division is useful for a qualitative discussion and analysis of the polarization,
only the sum of the two (i.e., the total polarization P = Pion + Pelec) has any real
physical meaning.
I first examine the ionic contribution. In these hybrid improper ferroelectrics I
would anticipate a smaller A′ cation to result in a larger polarization due to its ability
to displace further. Additionally, a larger alkali atom should also result in a larger po-
larization, because the A cation displaces less in the direction opposite to the A′ cation
and cancels less of the A′ polarization. One would predict two clear trends by apply-
ing these concepts to the manganese tungstates a priori : (i) PALaMW < PANdMW <
PAYMW and (ii) PNaA′MW < PKA′MW < PRbA′MW. (NaLa)(MnW)O6 would therefore
have the smallest polarization while (RbY)(MnW)O6 would have the largest, with the
other seven compounds found between these extremes. While this expectation holds
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for the rare earth trend (Figure 6.8a), it does not hold for the alkali metal trend (Fig-
ure 6.8b). If A′=La, I find that P(RbLa)MW < P(KLa)MW < P(NaLa)MW, but when La is
replaced with Nd, the trend changes such that P(RbNd)MW < P(NaNd)MW < P(KNd)MW.
I next investigate these discrepancies by decomposing the polarization into contri-
butions from each layer (Figure 6.13). As can be seen in Figure 6.7, each compound
consists of two AO layers, two (MnW)O2 layers, and two A
′O layers along [001]. The
polarization of one of each of these layers in the nine superlattices is plotted as a func-
tion of A cation size (Figure 6.13a-c) or A′ cation size (Figure 6.13d-f). Figure 6.13a
reveals the trend that larger A-site cations result in a lower AO layer polarization
(and therefore a smaller cancellation of the A′ layer) occurs as expected. Addition-
ally, the (MnW)O2 layer polarization decreases as a function of increasing A cation
size (Figure 6.13b) due to the smaller A-site, which allows for greater B-site displace-
ments; the increase in the layer polarization for the (RbNd) and (RbY) compounds
occurs from the Mn–O bond breaking. Also as expected, there is a weak dependence
of the rare earth layer polarization on the alkali metal on the size (Figure 6.13c) and
vice versa (Figure 6.13d). Interestingly, the contribution of the (MnW)O2 layer to
the total polarization switches to become greater in the A=K than in the A=Rb com-
pounds upon substitution of Nd by La (Figure 6.13e). By examining the atomically
resolved (MnW)O2 layers, I find that the contributions of the Mn and W atoms to
the polarization is larger in the case of A=K than A=Rb. The contributions of the
O atoms are larger in (KLa)MW than (RbLa)MW because the octahedral rotations
are also larger in (RbNd)MW and (RbY)MW; however, the octahedral rotations be-
come larger than (KNd)MW and (KY)MW due to the separation of the layers, thus
allowing for a larger contribution of its O atoms. As expected, the layer polarization
of the A′O layer increases as a function of decreasing atomic size (Figure 6.13f).
Following this analysis, I can now explain the trends in the polarization seen in
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Figure 6.13: Evolution of the ionic contribution to the polarization of the AO, BO2,
and A′O layers of each AA′(MnW)O6 compound as a function of the A-site (rA, a–c)
and A′-site (rA′ , d–f) radius. See text for a detailed discussion.
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Figure 6.8b. In the A′=La family, the smaller alkali cation should result in a larger
cancellation of the LaO layer polarization, which remains nominally the same in each
of the three compounds. The fact that the (MnW)O2 layers contribute more to the
total polarization with smaller A-sites overcomes this cancellation, resulting in the
calculated trend of P(NaLa)MW > P(KLa)MW > P(RbLa)MW. When La is substituted with
Nd, the amount that PNa cancels PNd is much greater than the amount PK cancels
PNd, even more so than when A
′=La. In combination with the trend of the (MnW)O2
layer polarization, this gives P(KNd)MW > P(NaNd)MW > P(RbNd)MW. Finally, this same
reasoning can rationalize the polarization trend seen in the A′=Y family.
Although the bulk of the total polarization originates from atomic displacements
as discussed above (Pion), the electronic component provides a non-negligible contri-
bution. In seven of the nine structures, the two contributions are of the same sign with
the electronic part providing an enhancement of 2 to 5 µC/cm2. In the (NaNd) and
(NaY) compounds, however, the electronic polarization is opposite to that of the ionic
contribution, resulting in a decrease of the total polarization. Interestingly, these two
materials also have the smallest average A-site radius. However, because the magni-
tude of the electronic polarization in the other compounds are relatively similar, this
does not provide a complete explanation and requires further investigation.
An electronic contribution also is present even if the polar displacements are re-
moved from the crystal structures (Fig. 6.14). Because the Γ−1 and Γ
+
5 modes (in-phase
and out-of-phase rotations, respectively) alone are sufficient to lift inversion in the
presence of layered A-sites and rock salt ordered B-sites (that is, the space group
remains P21 without the Γ
−
5 mode), these materials could theoretically still exhibit a
spontaneous polarization without the ionic displacements. To investigate this aspect,
I decreased the QΓ−5 amplitude while keeping the magnitude of QΓ
+
5
and QΓ−1 fixed to
the values found in the equilibrium ground state structure. When QΓ−5 = 0, an elec-
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Figure 6.14: (a) The spontaneous electronic polarization remaining when QΓ−5 = 0
(no polar ionic displacements) in all nine AA′(MnW)O6 compounds as a function of
average A-site atomic radius. (b) Evolution of the total polarization as a function
of QΓ−5 in the family of NaA
′(MnW)O6 compounds. At QΓ−5 =0, the polarization is
purely electronic in nature.
tronic polarization (Pelec) remained (Figure 6.14a), which was aligned opposite to the
total polarization found in the QΓ−5 = 1 ground state. Additionally, as QΓ
−
5
increases,
the total polarization evolves smoothly to the value obtained in the ground state
structures (Figure 6.14b). This result seems counter to what the trilinear coupling
term in the free energy previously shown implies, which is that the total polarization
should go to zero if the polar mode goes to zero; however, the simplification of the
phenomenological invariant disguises the fact that there are both ionic and electronic
contributions to this invariant (such a distinction could also allow for a new inter-
pretation of electronically-induced improper ferroelectrics, such as HoMnO3 in terms
of generalized spin rotations). This is shown by removing either of the rotational
modes (while keeping the polar mode fixed to zero), which destroys this remnant
polarization.
A large number of perovskites are cubic with no rotations and disordered A-site
cations at high temperatures. I conjecture the electronic only contribution could be
observed experimentally if the octahedral rotations can then be maintained at some
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temperature above which the A-site cations order in such a way that the Γ−5 mode
causes the layers to cancel the ionic contribution to the polarization. This interesting
effect deserves further study as materials displaying purely electronic polarizations
could result in entirely new families of ferroelectrics that undergo much less fatigue
due to the lack of ionic motion during switching.
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7. EFFECT OF EPITAXIAL STRAIN ON BROWNMILLERITE
OXIDES
In this chapter, I investigate the effect of strain on the crystal structure and elec-
tronic properties of brownmillerite oxides. As discussed in Chapter 3, when brownmil-
lerite oxides are grown as thin films, the oxygen vacant layers can orient themselves
parallel or perpendicular to the substrate (Figure 3.5f-i). I use electronic structure
calculations to disentangle the complex interactions in two brownmillerite ferrates,
Sr2Fe2O5 and Ca2Fe2O5, relating the stability of the equilibrium (strain-free) and thin
film structures to both previously identified and newly herein proposed descriptors.
Furthermore, I investigate the effect of compressive and tensile strain on the crystal
and electronic structure of these two materials.
7.1 Computational Methods
All investigations were performed using density functional theory as implemented
in the Vienna ab-initio Simulation Package (VASP).43,79,80 I used projector augmented-
wave (PAW) potentials with the PBEsol functional,54,63 chosen because it is a type
of GGA functional adjusted to give better agreement with lattice parameters and
bond angles specifically in solids, with valence electron configurations of 3s23p64s2
for Ca, 4s24p65s2 for Sr, 3d74s1 for Fe, and 2s22p4 for O. A plane-wave cutoff of 500
eV and a 7×5×7 Monkhorst-Pack mesh was used during the structural relaxations.60
I applied a Hubbard U correction of 5 eV using the Dudarev formalism to treat the
correlated Fe 3d states, a value which provides agreement between the computed and
experimental band gap of these materials; I also enforced a G-type anti-ferromagnetic
collinear spin ordering on the Fe atoms.81 Symmetry-adapted mode decompositions
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were performed using the ISODISTORT tool, part of the ISOTROPY software suite.82
Atomic structures were visualized using VESTA.83
To simulate the application of epitaxial strain by growth on a cubic [001] termi-
nated perovskite substrate with a square surface net, I fixed the in-plane a and c
lattice parameters to be equal and allowed the out-of-plane b axis and ions to fully
relax (adopted from the approach of Ref. 36). The I2bm, Pbcm, and Pnma phases
of Ca2Fe2O5 and the I2bm and Pbcm phases of Sr2Fe2O5 in both the parallel and
perpendicular orientation were then strained from -3% to 3% in increments of 1%. Be-
cause of the difference in size and equilibrium volume of the Ca2Fe2O5 and Sr2Fe2O5
unit cells, application of the same percent strain results in different pseudocubic lat-
tice parameters (apc) for the two structures; for this reason, I report the strain in
terms of apc rather than in terms of percentage.
7.2 Effect of Strain on Anion Vacancy Ordering in Brownmillerite Oxides
7.2.1 Bulk Phases
I first investigated the bulk phases of Sr2Fe2O5 and Ca2Fe2O5 with the three
tetrahedral chain orderings shown in Figure 3.5 using density functional theory cal-
culations. Each compound was frozen into the I2bm, Pbcm, and Pnma structure
to create a total of six phases; the lattice parameters and internal atomic positions
were relaxed as described in Section 7.1. The six ground state crystal structures are
tabulated in Appendix A, Tables A.22 to A.27. To characterize the brownmillerite
structures, I consider three types of rotation angles: the angle between (i) the FeO4
tetrahedra (ΘT ), (ii) the FeO6 octahedra (ΘO), and (iii) the tetrahedra and octahedra
(ΘOT ). I report these angles as ΘX = (180 − ΦX)/2, where the definition of ΦX (X
= T , O, or OT ) is shown in Figure 7.1; in this case, a larger angle indicates a larger
distortion of the relative bond away from 180◦. In the bulk case and the case of par-
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allel orientation of vacancies under strain, these three angles are sufficient to describe
the structure (Figure 7.1a). In the perpendicular orientation, however, the applied
strain and response of the out-of-plane lattice parameter now affect the tetrahedra
and octahedra in different ways. To capture this, I divide ΦO and ΦT into two unique
angles defined by in-plane (i.p.) and out-of-plane (o.o.p.) components (Figure 7.1b).
The main structural and energetic results for the two compounds are summarized in
Table 7.1.
In the case of Sr2Fe2O5, I found that the centrosymmetric Pbcm polymorph is
the lowest energy structure, followed by I2bm, with Pnma being the highest. In
Ca2Fe2O5, I found the Pnma structure to be lowest in energy, followed by I2bm and
Pbcm. Each polymorph is separated from the other two by a small amount of energy
(∆E, Table 7.1), indicating that the formation of a right- or left-handed tetrahedral
chain may be equally probable. Furthermore, the lattice parameters, rotation angles,
and band gaps vary only slightly between orderings. Between the two chemistries,
Ca2Fe2O5 has a smaller unit cell and larger rotation angles than Sr2Fe2O5, which is
due to the smaller size of the Ca2+ cation.
Experimentally, the structure of Sr2Fe2O5 has been highly contested. Initial struc-
ture refinements on powder samples ambiguously supported assignment of both com-
pletely disordered tetrahedral chains (space group Imma) or pure left- or right-handed
ordering (space group I2bm); this material was thus theorized to display I2bm sym-
metry locally, but with random ordering taking place over longer length scales. This
was challenged, however, by transmission electron microscopy results showing clear
intralayer alternation of tetrahedral chains.395 Additionally, more recent neutron
diffraction experiments on single crystals grown by the floating zone method have
indicated that Pbcm is indeed the preferred structure type for Sr2Fe2O5.
396,397 Fur-
thermore, all of these recent experiments are supported by the aforementioned results
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Figure 7.1: (a) The three characteristic angles of the A2B2O5 brownmillerite struc-
ture. Rotations of the tetrahedral chains, of the octahedral network, and between
the tetrahedral and octahedral layers are given by ΦT , ΦO, and ΦOT , respectively.
These three angles are sufficient to describe the case when the tetrahedral chains
order parallel to the substrate. (b) In the perpendicular orientation, the changes in
the out-of-plane lattice parameter owing to the strain state splits the octahedral and
tetrahedral rotation angles. (c) The average separation distance is given by R, which
is defined as the average of the two distances between Fe atoms of different chains
(d1 and d2).
of our ab initio calculations; the small energy difference between the Pbcm and I2bm
structures, however, indicate that intergrowths of the phases is not out of the question.
In contrast to the ambiguity of Sr2Fe2O5, the structure of Ca2Fe2O5 is well known to
form in the Pnma phase,398 again in agreement with our theoretical results.
I now seek to explain the stability of these materials’ preferred ground state phase
in terms of local structure. The tetrahedral chain ordering configuration preferred
by the ground state can be summarized as a complex competition between two pri-
mary energetic factors: (i) separation of the tetrahedral chains (i.e., minimization of
electrostatic repulsion) and (ii) distortion of the nominally regular BO6 octahedra
(minimization of elastic strain energy). The three different ordering schemes shown
in Figure 3.5 better maximize either factor (i) or (ii) at the expense of the other.
Following the approach of Zhang et al.,146 I can assign a magnitude to the local dipole
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Table 7.1: The energetics and structure of bulk Sr2Fe2O5 and Ca2Fe2O5. The toler-
ance factor (τ) is defined by Equation 3.1 in the text. The energy difference between
the different tetrahedral chain ordering structures is given as ∆E; each energy is
given as the difference in meV between that phase and the lowest energy phase for
each compound normalized to the number of formula units. The a, b, and c lattice
parameters are given in Angstroms. The rotations of the tetrahedra, octahedra, and
between the octahedra and tetrahedra are given in degrees as ΘT , ΘO, and ΘOT ,
respectively; each is defined in Figure 7.1a and 7.1b.
Sr2Fe2O5 (PT = 3.8 D, τ=0.976)
Symmetry ∆E (meV/f.u.) a (A˚) b (A˚) c (A˚) ΘT (
◦) ΘO (◦) ΘOT (◦)
I2bm 12.6 5.501 15.402 5.659 24.48 3.70 15.41
Pbcm 0 5.503 15.407 11.311 24.54 4.43 15.39
Pnma 22.7 5.499 15.413 5.659 24.49 3.64 15.31
Ca2Fe2O5 (PT = 1.7 D, τ=0.923)
Symmetry ∆E (meV/f.u.) a (A˚) b (A˚) c (A˚) ΘT (
◦) ΘO (◦) ΘOT (◦)
I2bm 16.7 5.381 14.617 5.579 27.92 6.538 20.34
Pbcm 23.3 5.386 14.627 11.155 28.16 4.909 19.90
Pnma 0 5.397 14.632 5.561 27.23 8.032 20.45
generated by the tetrahedral rotations (PT , Table 7.1, given in units of Debye). PT
is calculated based on the Debye equation, µ = neR, where µ is the net dipole mo-
ment, n is the number of electrons, e is the elementary charge, and R is the distance
between centers of charge; following the approach of Poeppelmeier et al., I estimated
the distribution of electrons using bond valence sums.399 In compounds with large
PT , factor (i) becomes the quantity of interest to maximize; rather than considering
the separation along b, however, I quantify this by defining the average intralayer sep-
aration of the tetrahedral chains as R (shown in Figure 7.1c). Competing with this
is factor (ii), i.e., the regularity in the octahedra. I use the average sum-of-squares
difference between the measured bond lengths (dn) and the average bond length (davg)
in the octahedra to quantify this:
∆ =
1
N
n∑
i=1
(
dn − davg
davg
)2
. (7.1)
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Table 7.2: The average intralayer separation of tetrahedral chains (R, defined in
Figure 7.1c) and the deviation in the bond lengths of an octahedra (∆, defined by
Equation 7.1) for each phase of Sr2Fe2O5 and Ca2Fe2O5. The band gap (Eg) of each
structure is given in eV.
Sr2Fe2O5 (PT = 3.8 D, τ=0.976)
Symmetry R (A˚) ∆ (×10−4) Eg (eV)
I2bm 5.0977 18.79 2.19
Pbcm 5.0988 19.07 2.15
Pnma 5.0971 19.03 2.09
Ca2Fe2O5 (PT = 1.7 D, τ=0.923)
Symmetry R (A˚) ∆ (×10−4) Eg (eV)
I2bm 5.0173 11.16 2.16
Pbcm 5.0476 10.85 2.13
Pnma 4.9941 10.73 2.07
For small values of PT , factor (ii) becomes the critical quantity to optimize, and
minimizing ∆ becomes more important than maximizing R.
I computed R and ∆ for both of the compounds in all three tetrahedral chain
ordering configurations. Interestingly, I found that although Sr2Fe2O5 has smaller
rotations, it has a larger chain dipole (PT = 3.8 D) than Ca2Fe2O5 (PT = 1.7 D);
generally, one would expect smaller rotations to generate a smaller dipole. This is
due to the fact that the electric polarization generated by the apical oxygen atoms
tends to cancel that from the equatorial oxygen atoms in the tetrahedra; however,
the smaller rotations of the octahedra in Sr2Fe2O5 means this cancellation happens
to a lesser degree, increasing PT . Again, at large values of PT , the need to separate
the dipoles, factor (i), overcomes the need to have regular octahedra, factor (ii).
Sr2Fe2O5 therefore exhibits the Pbcm structure, which allows for the best average
in-plane separation (R, Table 7.2) of the large dipoles. In Ca2Fe2O5, the larger
octahedral rotations distort the octahedra more in the presence of tetrahedral chains;
in combination with the small chain dipole, this therefore gives more importance to
152
the phase that keeps the octahedra most regular (∆, Table 7.2). In this case, that is
the Pnma structure.
Another approach for understanding these energetic competitions is to consider
the the Goldschmidt tolerance factor as given in Equation 3.1.108 In Ca2Fe2O5
(τ=0.923), the Pnma phase least distorts the octahedra (as reflected in ∆ in Ta-
ble 7.2) and is therefore the most stable. As τ increases, the need to maximize the
separation between dipoles overcomes the steric packing driving force for octahedral
rotations and hence they decrease; because Pbcm best maximizes this distance (R in
Table 7.2), it is the preferred phase for the larger Sr2Fe2O5 (τ=0.976).
Finally, despite the structural differences between the bulk Sr2Fe2O5 and Ca2Fe2O5
phases, the DFT-PBEsol (indirect Γ-X) band gap remains nominally the same (∼
2.10 eV) across changes in chemistry and tetrahedral ordering. This is due to the
fact that O 2p states make up the top of the valence band, while the bottom of the
conduction band is made up of Fe 3d states, making the band gap largely independent
of A-site chemistry. A more detailed analysis of the changes in the electronic gap is
given for the thin film cases below.
7.2.2 Strained Phases
I next investigated the crystal and electronic structure of Sr2Fe2O5 and Ca2Fe2O5
under epitaxial strain. As mentioned previously, I now consider the orientation of the
vacancies as another degree of freedom (i.e., whether the vacancy layers are parallel
or perpendicular to the substrate, Figure 3.5f-i), in addition to tetrahedral chain
rotation and ordering. First, I find that when Sr2Fe2O5 is constrained to a substrate,
it retains the Pbcm ground state in both parallel (filled symbols) and perpendicular
(empty symbols) substrate-vacancy orientations (Figure 7.2a, top), a fact that can be
explained using the same arguments presented for the bulk phase. However, I also find
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Figure 7.2: Energy of the different tetrahedral chain arrangements in the Sr2Fe2O5
(left) and Ca2Fe2O5 (right) structures as a function of epitaxial strain (top panels).
In both cases, the parallel vacancy ordering (filled symbols) is stabilized under tensile
strain, while perpendicular (empty symbols) is stabilized under compressive. This
change in stabilization occurs at the point where either the parallel or perpendicu-
lar phase maximizes the average intralayer tetrahedral chain separation (R, middle
panels) and minimizes the octahedral distortion effect (∆, bottom panels).
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that the perpendicular configuration of oxygen-deficient layers is stabilized over the
parallel arrangement under small amounts of compressive strain. This is due to the
fact that increasing compressive strain decreases the intralayer separation between
tetrahedral chains if the vacancies are ordered parallel to the substrate (i.e., becomes
more energetically unfavorable), but increases R if the vacancies are perpendicular.
The strain value at which the perpendicular ordering becomes more stable exactly
coincides with the values at which the intralayer separation becomes greater (Figure
7.2a, middle) and the octahedral distortions become smaller (Figure 7.2a, bottom)
than that of the parallel ordering.
One important detail to note is that Sr2Fe2O5 has a relatively large pseudo-cubic
lattice parameter (apc); only with some of the largest commercially available sub-
strates can it be placed under tensile strain and stabilize the parallel orientation.
Many experimental observations agree with our prediction of the energetic stability
of vacancy orientation. Growth of Sr2Fe2O5 near the transition point, such as on
SrTiO3 (apc = 3.91 A˚), shows a competition between the two orientations,
400 whereas
growth on larger substrates stabilizes the parallel orientation, such as on KTaO3 (apc
= 3.99 A˚).401
When Ca2Fe2O5 is placed under epitaxial strain the Pnma phase remains lowest
in energy, while the I2bm and Pbcm structures become much closer in energy and
strongly compete. As with Sr2Fe2O5, the tetrahedral layers in Ca2Fe2O5 switch to a
perpendicular orientation under compressive strain, and parallel under tensile (Figure
7.2b, top). Once again, this occurs due to the perpendicular orientation maximiz-
ing the distance R between intralayer tetrahedral chains and minimizing octahedral
distortions, ∆, under compression (Figure 7.2b, middle and bottom). Although the
Pnma phase minimizes octahedral shearing as in the bulk phase, the very small
differences in ∆ between the strained phases means that it cannot be the only con-
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trolling feature; instead there is a complex interplay between the various structural
descriptors that produces the observed ground state. The fact that Ca2Fe2O5 has a
smaller pseudo-cubic lattice parameter than Sr2Fe2O5 means that the parallel phase
is experimentally accessible with much more modest strain. Experimental results on
thin films of Ca2Fe2O5 show that the vacancies order perpendicularly when grown
on LaSrAlO4 (LSAO, apc = 3.75 A˚) and LaAlO3 (apc = 3.79 A˚), but order paral-
lel on LSAT (apc = 3.87 A˚) and SrTiO3 (apc = 3.91 A˚), again in agreement with
these theoretical results.140,402 Interestingly, the stabilization of the perpendicular
phase under compressive strain and parallel phase under tensile strain does not hold
across all brownmillerite oxide chemistries; in the cobaltates, for example, the trend
is reversed.
I next investigate the structural evolution of these compounds under strain. For
the structures with the parallel orientation, there are only the three bond angles de-
fined previously to consider (Figure 7.1). Under increasing tensile strain, the FeO4
tetrahedral chains become less distorted (decreasing Fe-O-Fe bond angle), while the
octahedral angles and connections between the tetrahedral and octahedral layers be-
come more distorted (increasing Fe-O-Fe bond angle). It should come as no sur-
prise that this trend holds across all three types of ordered phases, as they are all
very structurally similar with the exception of the relative orientation of tetrahedral
chains (Figure 7.3). Additionally, the chemistry of the A-site, although influencing
the magnitude of the tilts, does not affect this trend.
When the oxygen-deficient layers reorient to become perpendicular to the sub-
strate, there are now two more angles to consider. In the previous geometries, only
one angle of the tetrahedra and octahedra had to be considered owing to the fact
that the equatorial oxygen atoms of each were in the plane of epitaxial strain. These
same atoms are now oriented such that they are affected by both the plane of epi-
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Figure 7.3: The effect of strain on the tilt angles (as defined in Figure 7.1) of the
different Sr2Fe2O5 (left) and Ca2Fe2O5 (right) structures with both parallel and per-
pendicular vacancy orientation.
taxial strain and the strain-induced changes to the out-of-plane lattice parameter. In
order to obtain a full understanding of the structural distortions in this case, I sepa-
rate the tetrahedral and octahedral angles into in-plane and out-of-plane components.
In this perpendicular orientation, increasing tensile strain increases the out-of-plane
component of the octahedral and tetrahedral angles, while decreasing the in-plane
component, as well as the angle between the layers.
Finally, the band gap of both materials is strongly influenced by strain, ranging
from 1.8 eV to 2.6 eV for Sr2Fe2O5 (Figure 7.4a) and 1.6 eV to 2.5 eV for Ca2Fe2O5
(Figure 7.4b). In both compounds, increasing tensile strain results in an increase of
the band gap for the parallel orientation of vacancies, but interestingly, a decrease in
the perpendicular orientation. This is due to how an increase in the lattice parameters
influences the connectivity of the tetrahedrally and octahedrally coordinated iron
atoms (i.e., ΘOT ). For the films with the parallel vacancy orientation, ΘOT deviates
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Figure 7.4: The band gap of (a) Sr2Fe2O5 and (b) Ca2Fe2O5 are strongly influenced
by epitaxial strain; the electronic gap for thin film structures with vacancies ordered
parallel to the substrate (filled symbols) increases as tensile strain increases, but
decreases in the perpendicular orientation (empty symbols). This electronic structure
response occurs owing to the manner in which strain affects the angle between the
tetrahedral and octahedral layers. The Pbcm structure of Sr2Fe2O5 with vacancies
parallel to the substrate, for example, has a ∼ 0.3 eV larger band gap under (c) 2%
tensile strain when compared to (d) 2% compressive strain as seen by the change in
the atom-resolved densities of states.
further away from 180◦ as tensile strain increases; this results in decreased overlap of
the Fe d-orbitals and O p-orbitals, giving a higher band gap. Figures 7.4c and 7.4d
show, as an example, the difference in the band gap of parallel-oriented Sr2Fe2O5 at
2% (2.43 eV) and -2% (2.00 eV). The opposite effect occurs in the perpendicular case,
where a decrease in ΘOT provides better overlap and thus a smaller band gap through
increased bandwidth.
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7.2.3 Comparison to Perovskite Oxides
The fact that BO6 octahedra in perovskite oxides form a flexible corner-connected
network (Figure 3.4a) allows them to easily rotate in space about the different crys-
tallographic axes. The size of these rotations directly affect the magnitude of the
B–O–B bond angles, which in turn impacts many electronic and magnetic properties.
Although there are 15 distinct ways in which the octahedra can cooperatively rotate
while retaining connectivity (as identified by Glazer),104 the vast majority exhibit
either an orthorhombic or rhombohedral tilt pattern (given by a−a−c+ or a−a−a− in
Glazer notation, respectively). A high degree of control over the electronic structure
can be achieved by using epitaxial strain (or chemical substation, as captured by τ)
to control these rotations, owing primarily to the strong coupling between the lattice
and electronic degrees of freedom in perovskites;31,338,403,404 as mentioned previously,
buckling of the B–O–B bond away from a linear 180◦ configuration (i.e., increasing
the magnitude of the octahedral rotations) decreases the overlap between the O p
and metal B d orbitals, thereby increasing the band gap in insulating compounds or
inducing bandwidth-driven metal-insulator transitions.405–410
As I have shown, the distinct alternating tetrahedral and octahedral layers in
brownmillerites allow for many more structural degrees of freedom than perovskites
(Figure 7.5a). Application of the same forces (chemical pressure and epitaxial strain)
affects the interlayer separation of tetrahedra (i.e., b lattice parameter), as well as
the rotations (connectivity) of the different polyhedra (given by ΘO, ΘT , and ΘOT );
each of these in turn influences the octahedral distortions (∆), the intralayer dipole
separation (R), and the magnitude of the local tetrahedral dipoles (PT ). The balance
of these different factors is then what governs the equilibrium structure—the tetra-
hedral chain ordering and, for the case of thin films, the orientation of the vacancies
relative to the substrate (Figure 7.5b).
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Figure 7.5: The effect of different stress stimuli (ionic size or chemical pressure [cap-
tured by τ ] and epitaxy) on various structural descriptors, which combine to produce
the equilibrium crystal structure in (a) perovskite and (b) brownmillerite oxides.
A feature implied here is that the electronic properties of these oxides are also a
structural consequence; hence, control over the structural descriptors makes it possible
to control the electronic response. Indeed, the band gaps of the brownmillerites are
highly sensitive to rotations of the polyhedra; like the perovskites, the gap opens as the
rotations increase owing to a change in orbital overlap. Unlike perovskites, however,
it is not solely a single B–O–B bond angle controlling the electronic structure, which
is due to the breaking of the structural topology by the oxygen-vacant (tetrahedral)
layers. For the brownmillerite oxides, it is the out-of-plane angle between the BO4
tetrahedra and BO6 octahedra, given by ΘOT (or, alternatively, Btet–O–Boct), that
controls the gap and band edge character. Furthermore, strain affects the band
gap of parallel or perpendicularly oriented brownmillerites in completely opposite
(asymmetric) ways owing to the response of ΘOT to the biaxial strain state. Although
strain has been used to control functional properties in perovskites, it appears to
induce even more interesting responses in brownmillerites owing to the additional
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structural degrees of freedom present.
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8. CONCLUSIONS AND OUTLOOK
In this dissertation, I first developed two new models for describing inversion
symmetry breaking a priori from basic building units of inorganic compounds and
engineering new non-centrosymmetric materials. Although previous work had iden-
tified important features necessary for inducing acentric properties from non-polar
constituents,20,287,411 a comprehensive framework was missing. In Chapter 5, I first
divided geometric improper ferroelectrics based upon the microscopic mechanism re-
sponsible for producing the spontaneous polarization; I then discussed how the basic
building units can be assembled to lift inversion symmetry, applied these principles
to real materials by systemically establishing what types of distortions and cation or-
dering schemes are capable of producing non-centrosymmetric perovskites, and then
identified the chemistries necessary to induce these distortions.
I next used the information gleaned from this analysis to design novel polar ma-
terials, investigate their bulk properties and response under strain, and substantiate
the structural and chemical criteria put forth by these models; this comprises Chap-
ters 6 and 7. These results show how an understanding and combined application
of crystallography, physics, and chemistry principles can allow for the rapid first-
principles discovery of new electronic materials, as well as offer many compounds for
experimental investigation.
From a computational standpoint, there is still a wide variety of work that can
be continued by starting from these results. The investigation of real materials in
Chapters 6 and 7 only scratched the surface of the structural phase space described
by Figure 5.12; indeed, much of my recent work has focused on understanding how
to access more exotic distortions such as the a0a0c+ tilt pattern.412 Furthermore,
the families of materials which exhibit a geometric improper ferroelectric mechanism
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(such as those I focused on in Chapter 5) are ripe for magnetic substitution for the
creation of new multiferroics or magnetoelectrics. Because the origin of the electric
polarization in such systems is not electrostatic or due to SOJT-activity, but rather
“geometric” distortions, the polarization can be obtained independent of the magnetic
ordering. Finally, all of the density functional theory calculations performed in this
thesis were necessarily performed at zero Kelvin. Different types of computational
approaches such as model Hamiltonians, molecular dynamics, or Monte Carlo could
be applied to study the temperature-dependent properties of these materials. Related
scientific questions include:
• strain to control cation ordering
• effects of disorder and interdiffusion in cation ordered materials
• domain microstructure and switching
Although this thesis consists purely of computational work, experimental verifi-
cation of these theoretical predictions is currently ongoing. One of the most difficult
challenges facing researchers is that of synthesis; the schemes proposed in this thesis
require the incorporation of multiple cations in a highly ordered fashion. As discussed
in Chapter 1, however, non-equilibrium growth methods such as pulsed laser depo-
sition (PLD) or molecular beam epitaxy (MBE) provide an extremely viable route
to the realization of these types of materials.338,413–416 To this end, my experimen-
tal collaborators at Drexel University have successfully grown ultrashort 1/1 period
superlattices of SrFeO2.5 and CaFeO2.5 (discussed in Chapter 7) as thin films moti-
vated by my predictions, while microscopy results from Pennsylvania State University
have shown that cation ordering of these two centrosymmetric compounds indeed lifts
inversion symmetry.
Finally, I would like to discuss the functionality challenge, which includes the op-
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timization of properties necessary for integration into electronic devices such as the
magnitude of the ferroelectric polarization, Curie temperature, and ease of switch-
ing. The multi-mode coupling origin for the electric polarization in these materials
begs the question: to what extent can large polarizations be achieved, and to what
extent can the polarization be reversed (i.e. from +P to −P ), which is required for
assigning the ‘ferroelectric’ designation to these materials? The latter is also critical
towards realizing strong magnetoelectric coupling,301 which is sought to be exploited
in a variety of electronic applications, including memory, tunnel junction, spintronic,
and microwave devices.14,15,417,418 Developing a theory for switching in the various
improper ferroelectrics is crucial in realizing technologically useful materials. Despite
these challenges, the results presented in this thesis provide a useful starting point
for the continued discovery and investigation of non-centrosymmetric materials.
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Appendix A. CRYSTAL STRUCTURES
The ground state crystal structures for each of the compounds investigated in this
thesis are tabulated below.
Table A.1: Calculated crystallographic parameters for the ground state structure of
[001]-ordered (LaNd)Ga2O6.
Pmc21 LaGaO3/NdGaO3, a = 5.539 A˚, b = 5.467 A˚, c = 7.767 A˚
Atom Wyckoff Site x y z
La 2a 0.4622 0.2407 0.0000
Nd 2b 0.5473 0.2612 0.5000
Ga 4c 0.2500 0.7515 0.7424
O 4c 0.2098 0.9601 0.7904
O 4c 0.7875 0.5369 0.7026
O 2a 0.0151 0.3268 0.0000
O 2b 0.9784 0.1638 0.5000
Table A.2: Calculated crystallographic parameters for the ground state structure of
[111]-ordered (LaNd)Ga2O6.
Pmn21 LaGaO3/NdGaO3, a = 5.459 A˚, b = 5.539 A˚, c = 7.764 A˚
Atom Wyckoff Site x y z
La 2a 0.4917 0.2134 0.0000
Nd 2a 0.0123 0.7023 0.0000
Ga 4b 0.0002 0.2474 0.7495
O 4b 0.2841 0.4652 0.7927
O 4b 0.7086 0.0414 0.7045
O 2a 0.9230 0.2702 0.0000
O 2a 0.5967 0.7666 0.0000
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Table A.3: Calculated crystallographic parameters for the ground state structure of
[110]-ordered (LaNd)Ga2O6.
P21/m LaGaO3/NdGaO3, a = 5.470 A˚, b = 5.538 A˚, c = 7.765 A˚
Atom Wyckoff Site x y z
La 2e 0.4905 0.9603 0.2500
Nd 2e 0.0113 0.4549 0.2500
Ga 2a 0.0000 0.0000 0.0000
Ga 2d 0.5000 0.5000 0.0000
O 4f 0.2856 0.2140 0.0445
O 4f 0.7897 0.2901 0.9561
O 2e 0.9214 0.0212 0.2500
O 2e 0.5854 0.5155 0.2500
Table A.4: Calculated crystallographic parameters for the ground state structure of
[001]-ordered (SrCa)Zr2O6.
Pmc21 SrZrO3/CaZrO3, a = 5.817 A˚, b = 5.671 A˚, c = 8.106 A˚
Atom Wyckoff Site x y z
Sr 2a 0.2500 0.7368 0.0000
Ca 2b 0.3425 0.7582 0.5000
Zr 4c 0.2936 0.2504 0.7448
O 2a 0.3148 0.1674 0.0000
O 4c 0.5914 0.0497 0.6915
O 4c 0.9983 0.4536 0.7934
O 2b 0.2486 0.3591 0.5000
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Table A.5: Calculated crystallographic parameters for the ground state structure of
[111]-ordered (SrCa)Zr2O6.
Pmn21 SrZrO3/CaZrO3, a = 5.693 A˚, b = 5.807 A˚, c = 8.097 A˚
Atom Wyckoff Site x y z
Sr 2a 0.4935 0.2185 0.0000
Ca 2a 0.0158 0.6992 0.0000
Zr 4b 0.0008 0.2471 0.7492
O 4b 0.2838 0.4653 0.7994
O 4b 0.6976 0.0514 0.6952
O 2a 0.9164 0.2871 0.0000
O 2a 0.6097 0.7759 0.0000
Table A.6: Calculated crystallographic parameters for the ground state structure of
[110]-ordered (SrCa)Zr2O6.
P21/m SrZrO3/CaZrO3, a = 5.677 A˚, b = 5.808 A˚, c = 8.117 A˚
Atom Wyckoff Site x y z
Sr 2e 0.5084 0.0441 0.2500
Ca 2e 0.9893 0.5444 0.2500
Zr 2a 0.0000 0.0000 0.0000
Zr 2d 0.5000 0.5000 0.0000
O 4f 0.2980 0.2038 0.5409
O 4f 0.8003 0.2990 0.4419
O 2e 0.0837 0.9490 0.2500
O 2e 0.3962 0.4845 0.2500
Table A.7: Calculated crystallographic parameters for the ground state structure of
[001]-ordered (SrCa)Hf2O6.
Pmc21 SrHfO3/CaHfO3, a = 5.803 A˚, b = 5.705 A˚, c = 8.032 A˚
Atom Wyckoff Site x y z
Sr 2a 0.4650 0.2395 0.0000
Ca 2b 0.5452 0.2577 0.5000
Hf 4c 0.0010 0.2488 0.7453
O 4c 0.2123 0.9614 0.7890
O 4c 0.7907 0.5408 0.6971
O 2a 0.0177 0.3253 0.0000
O 2b 0.9641 0.1501 0.5000
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Table A.8: Calculated crystallographic parameters for the ground state structure of
[111]-ordered (SrCa)Hf2O6.
Pmn21 SrHfO3/CaHfO3, a = 5.469 A˚, b = 5.539 A˚, c = 7.764 A˚
Atom Wyckoff Site x y z
Sr 2a 0.4918 0.2135 0.0000
Ca 2a 0.0123 0.7024 0.0000
Hf 4b 0.0002 0.2475 0.7495
O 4b 0.2842 0.4653 0.7927
O 4b 0.7087 0.0414 0.7045
O 2a 0.9230 0.2702 0.0000
O 2a 0.5868 0.7666 0.0000
Table A.9: Calculated crystallographic parameters for all ground state structures of
[110]-ordered (SrCa)Hf2O6.
P21/m SrHfO3/CaHfO3, a = 5.470 A˚, b = 5.538 A˚, c = 7.765 A˚
Atom Wyckoff Site x y z
Sr 2e 0.5094 0.0396 0.2500
Ca 2e 0.9887 0.5451 0.2500
Hf 2a 0.0000 0.0000 0.0000
Hf 2d 0.5000 0.5000 0.0000
O 4f 0.2856 0.2140 0.5446
O 4f 0.7898 0.2902 0.4561
O 2e 0.0785 0.9787 0.2500
O 2e 0.4146 0.4845 0.2500
Table A.10: Calculated crystallographic parameters for the ground state structure of
[111]-ordered (LaNd)Al2O6.
R32 LaAlO3/NdAlO3, a = 5.339 A˚, b = 5.339 A˚, c = 12.96 A˚, γ = 120
◦
Atom Wyckoff Site x y z
La 3a 0.0000 0.0000 0.0000
Nd 3b 0.0000 0.0000 0.5000
Al 6c 0.0000 0.0000 0.7500
O 9e 0.4513 0.0000 0.5000
O 4c 0.5418 0.0000 0.0000
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Table A.11: Calculated crystallographic parameters for the ground state structure of
[111]-ordered (LaPr)Al2O6.
Imm2 LaAlO3/PrAlO3, a = 5.322 A˚, b = 7.523 A˚, c = 5.355 A˚
Atom Wyckoff Site x y z
La 2b 0.0000 0.0000 0.5014
Pr 2a 0.0000 0.0000 0.4966
Al 4d 0.0000 0.7501 0.0000
O 8e 0.7514 0.7763 0.2516
O 2b 0.0000 0.5000 0.0482
O 2a 0.0000 0.0000 -0.0523
Table A.12: Calculated crystallographic parameters for the ground state structure of
[111]-ordered (CePr)Al2O6.
Imm2 CeAlO3/PrAlO3, a = 5.318 A˚, b = 7.523 A˚, c = 5.361 A˚
Atom Wyckoff Site x y z
Ce 2b 0.0000 0.0000 0.5019
Pr 2a 0.0000 0.0000 0.4966
Al 4d 0.0000 0.7499 0.0000
O 8e 0.7514 0.7767 0.2514
O 2b 0.0000 0.5000 0.0487
O 2a 0.0000 0.0000 -0.0529
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Table A.13: Calculated crystallographic parameters for the ground state structure of
(NaLa)(MnW)O6.
P21 (NaLa)(MnW)O6, a = 5.572 A˚, b = 5.597 A˚, c = 8.015 A˚, β = 90.225
Atom Wyckoff Site x y z
Na 2a 0.7526 0.2494 -0.0001
La 2a 0.7427 0.3090 0.4997
Mn 2a 0.2482 0.2776 0.7612
W 2a 0.2459 0.2701 0.2335
O 2a 0.4546 0.5358 0.3031
O 2a 0.4782 0.5603 0.6976
O 2a 0.0351 -0.0421 0.7805
O 2a 0.0684 -0.0225 0.2157
O 2a 0.1677 0.2496 0.4909
O 2a 0.3352 0.2962 0.0127
Table A.14: Calculated crystallographic parameters for the ground state structure of
(NaNd)(MnW)O6.
P21 (NaNd)(MnW)O6, a = 5.572 A˚, b = 5.597 A˚, c = 8.015 A˚, β = 90.303
Atom Wyckoff Site x y z
Na 2a 0.7485 0.2421 -0.0001
La 2a 0.7370 0.3239 0.4994
Mn 2a 0.2493 0.2776 0.7588
W 2a 0.2408 0.2693 0.2371
O 2a 0.4416 0.5385 0.3107
O 2a 0.4758 0.5385 0.6904
O 2a 0.0469 -0.0565 0.7787
O 2a 0.0805 -0.0266 0.2141
O 2a 0.1549 0.2406 0.4915
O 2a 0.3329 0.3038 0.0183
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Table A.15: Calculated crystallographic parameters for the ground state structure of
(NaY)(MnW)O6.
P21 (NaY)(MnW)O6, a = 5.438 A˚, b = 5.637 A˚, c = 7.961 A˚, β = 90.267
Atom Wyckoff Site x y z
Na 2a 0.7466 0.2367 -0.0008
Y 2a 0.7332 0.3362 0.4987
Mn 2a 0.2484 0.2800 0.7561
W 2a 0.2363 0.2698 0.2401
O 2a 0.4305 0.5444 0.3208
O 2a 0.4694 0.5786 0.6806
O 2a 0.0613 -0.0649 0.7771
O 2a 0.0906 -0.0343 0.2135
O 2a 0.1348 0.2272 0.4933
O 2a 0.3312 0.3097 0.0201
Table A.16: Calculated crystallographic parameters for the ground state structure of
(KLa)(MnW)O6.
P21 (KLa)(MnW)O6, a = 5.696 A˚, b = 5.722 A˚, c = 8.237 A˚, β = 90.504
Atom Wyckoff Site x y z
K 2a 0.7565 0.2575 -0.0006
La 2a 0.7503 0.3061 0.5003
Mn 2a 0.2548 0.2753 0.7551
W 2a 0.2419 0.2694 0.2475
O 2a 0.4575 0.5266 0.3052
O 2a 0.4897 0.5592 0.6938
O 2a 0.0194 -0.0278 0.7551
O 2a 0.0504 -0.0049 0.2422
O 2a 0.1749 0.24811 0.4946
O 2a 0.2923 0.2738 0.0254
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Table A.17: Calculated crystallographic parameters for the ground state structure of
(KNd)(MnW)O6.
P21 (KNd)(MnW)O6, a = 5.635 A˚, b = 5.718 A˚, c = 8.243 A˚, β = 90.587
Atom Wyckoff Site x y z
K 2a 0.7544 0.2530 -0.0019
Nd 2a 0.7445 0.3211 0.4994
Mn 2a 0.2539 0.2779 0.7533
W 2a 0.2379 0.2693 0.2489
O 2a 0.4479 0.5324 0.3102
O 2a 0.4839 0.5661 0.6883
O 2a 0.0340 -0.0401 0.7556
O 2a 0.0606 -0.0151 0.2412
O 2a 0.1648 0.2422 0.4953
O 2a 0.2912 0.2765 0.0273
Table A.18: Calculated crystallographic parameters for the ground state structure of
(KY)(MnW)O6.
P21 (KY)(MnW)O6, a = 5.519 A˚, b = 5.693 A˚, c = 8.254 A˚, β = 90.729
Atom Wyckoff Site x y z
K 2a 0.7537 0.2477 -0.0034
Y 2a 0.7413 0.3371 0.4987
Mn 2a 0.2524 0.2810 0.7476
W 2a 0.2337 0.2697 0.2531
O 2a 0.4347 0.5411 0.3205
O 2a 0.4741 0.5773 0.6769
O 2a 0.0525 -0.0534 0.7541
O 2a 0.0747 -0.0275 0.2425
O 2a 0.1444 0.2311 0.4964
O 2a 0.2891 0.2793 0.0321
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Table A.19: Calculated crystallographic parameters for the ground state structure of
(RbLa)(MnW)O6.
P21 (RbLa)(MnW)O6, a = 5.737 A˚, b = 5.752 A˚, c = 8.337 A˚, β = 90.549
Atom Wyckoff Site x y z
Rb 2a 0.7559 0.2620 -0.0005
La 2a 0.7539 0.3022 0.5006
Mn 2a 0.2553 0.2747 0.7509
W 2a 0.2418 0.2693 0.2534
O 2a 0.4637 0.5203 0.3068
O 2a 0.4961 0.5531 0.6924
O 2a 0.0111 -0.0192 0.7449
O 2a 0.0406 0.0028 0.2523
O 2a 0.1795 0.2485 0.4963
O 2a 0.2800 0.2694 0.0326
Table A.20: Calculated crystallographic parameters for the ground state structure of
(RbNd)(MnW)O6.
P21 (RbNd)(MnW)O6, a = 5.545 A˚, b = 5.635 A˚, c = 9.492 A˚, β = 92.227
Atom Wyckoff Site x y z
Rb 2a 0.7672 0.2715 -0.0101
Nd 2a 0.7372 0.3155 0.4999
Mn 2a 0.2553 0.2774 0.7047
W 2a 0.2279 0.2686 0.2695
O 2a 0.4426 0.5325 0.3355
O 2a 0.4902 0.5599 0.6637
O 2a 0.0491 -0.0408 0.7378
O 2a 0.0491 -0.0210 0.2593
O 2a 0.1547 0.2391 0.4906
O 2a 0.2968 0.2808 0.0845
206
Table A.21: Calculated crystallographic parameters for the ground state structure of
(RbY)(MnW)O6.
P21 (RbY)(MnW)O6, a = 5.407 A˚, b = 5.594 A˚, c = 9.721 A˚, β = 93.131
Atom Wyckoff Site x y z
Rb 2a 0.7656 0.2778 -0.0127
Nd 2a 0.7292 0.3279 0.4995
Mn 2a 0.2552 0.2791 0.6944
W 2a 0.2182 0.2682 0.2762
O 2a 0.4271 0.5380 0.3505
O 2a 0.4851 0.5668 0.6501
O 2a 0.0720 -0.0522 0.7360
O 2a 0.0579 -0.0322 0.2583
O 2a 0.1288 0.2203 0.4898
O 2a 0.2997 0.2896 0.0984
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Table A.22: Calculated crystallographic parameters for the ground state structure of
Sr2Fe2O5 in the I2bm configuration.
Ima2 Sr2Fe2O5, a = 15.40 A˚, b = 5.659 A˚, c = 5.501 A˚
Atom Wyckoff Site x y z
Sr 8c 0.3915 -0.0164 0.0029
Fe 4a 0.0000 0.0000 0.4984
Fe 4b 0.2500 0.0687 0.5388
O 2a 0.5082 0.7474 0.2503
O 2a 0.3607 -0.0494 0.4849
O 2a 0.2500 0.1393 0.8738
Table A.23: Calculated crystallographic parameters for the ground state structure of
Sr2Fe2O5 in the Pbcm configuration.
Pbcm Sr2Fe2O5, a = 5.503 A˚, b = 11.31 A˚, c = 15.41 A˚
Atom Wyckoff Site x y z
Sr 8e -0.0042 0.7418 0.6085
Sr 8e 0.5057 -0.0081 0.1085
Fe 4a 0.0000 0.0000 0.0000
Fe 4c 0.4992 0.2500 0.0000
Fe 4d 0.0401 0.0344 0.2500
Fe 4d 0.5405 0.2155 0.2500
O 8e 0.2505 0.3756 0.5099
O 8e 0.2495 0.8744 -0.0062
O 8e -0.0151 0.5244 0.6393
O 8e 0.5117 0.7745 0.1392
O 4d 0.8757 0.1807 0.2500
O 4d 0.3752 0.0694 0.2500
Table A.24: Calculated crystallographic parameters for the ground state structure of
Sr2Fe2O5 in the Pnma configuration.
Pnma Sr2Fe2O5, a = 5.499 A˚, b = 15.41 A˚, c = 5.659 A˚
Atom Wyckoff Site x y z
Sr 8d 0.5037 0.3915 -0.0165
Fe 4a 0.0000 0.0000 0.0000
Fe 4c 0.5412 0.2500 0.4313
O 8d 0.7491 0.0081 0.2489
O 8d 0.5119 0.8607 0.4507
O 4c 0.8763 0.2500 0.3607
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Table A.25: Calculated crystallographic parameters for the ground state structure of
Ca2Fe2O5 in the I2bm configuration.
Ima2 Sr2Fe2O5, a = 14.78 A˚, b = 5.537 A˚, c = 5.363 A˚
Atom Wyckoff Site x y z
Ca 8c 0.3932 -0.0244 0.0074
Fe 4a 0.0000 0.0000 0.4956
Fe 4b 0.2500 0.0668 0.5461
O 2a 0.5145 0.7460 0.2478
O 2a 0.3601 -0.0694 0.4686
O 2a 0.2500 0.1207 0.8978
Table A.26: Calculated crystallographic parameters for the ground state structure of
Ca2Fe2O5 in the Pbcm configuration.
Pbcm Ca2Fe2O5, a = 5.386 A˚, b = 11.15 A˚, c = 14.63 A˚
Atom Wyckoff Site x y z
Ca 8e -0.0145 0.7367 0.6067
Ca 8e 0.5163 -0.0127 0.1067
Fe 4a 0.0000 0.0000 0.0000
Fe 4c 0.5030 0.2500 0.0000
Fe 4d 0.0518 0.0346 0.2500
Fe 4d 0.5533 0.2153 0.2500
O 8e 0.2541 0.3766 0.5177
O 8e 0.2455 0.8735 -0.0112
O 8e -0.0288 0.5345 0.6399
O 8e 0.5186 0.7850 0.1396
O 4d -0.0958 0.1896 0.2500
O 4d 0.4024 0.0607 0.2500
Table A.27: Calculated crystallographic parameters for the ground state structure of
Ca2Fe2O5 in the Pnma configuration.
Pnma Ca2Fe2O5, a = 5.323 A˚, b = 14.91 A˚, c = 5.529 A˚
Atom Wyckoff Site x y z
Ca 8d -0.0192 0.8924 -0.0221
Fe 4a 0.0000 0.0000 0.5000
Fe 4c 0.0531 0.2500 0.5643
O 8d 0.7333 0.5153 0.2663
O 8d -0.0242 0.3599 0.4302
O 4c 0.4065 0.2500 0.6216

